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Abstract
This paper is a sequel of [17] where we set up a framework of nonstandard large-
scale topology. In the present paper, we apply our framework to various topics
in large-scale topology: spaces having with both small-scale and large-scale
structures, large-scale structures on nonstandard extensions, size properties of
subsets of coarse spaces, and coarse hyperspaces.
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Introduction
This paper is a continuation of the paper [17]. In the preceding paper,
we set up a framework for treating (pre)bornological spaces and coarse spaces
in nonstandard analysis, where a prebornological space is a generalisation of
a bornological space which better fits (non-connected) coarse spaces. In the
present paper, we apply our framework to various topics in large-scale topology:
spaces having both small-scale and large-scale structures, large-scale structures
on nonstandard extensions, size properties of subsets of coarse spaces, and coarse
hyperspaces. The present paper is organised as follows.
Given a standard space X , its nonstandard extension ∗X contains several
types of nonstandard points, such as nearstandard points NS (X) (for topolog-
ical spaces), prenearstandard points PNS (X) (for uniform spaces), and finite
points FIN (X) (for bornological spaces). It is well-known that an inclusion of
one class into another characterises various (standard) properties of X . For
instance, Robinson [32] proved the following celebrated result: X is compact if
and only if ∗X ⊆ NS (X). In Section 2, we identify seven classes of nonstandard
points (including X and ∗X), and complete the correspondence between the
properties of X and the inclusion relations among seven classes (see Figure 2.1
on page 8). The properties include von Neumann completeness, properness, and
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various compatibility conditions between small-scale and large-scale structures.
In particular, a new compatibility condition, called weak u-II-compatibility, is
extracted from its nonstandard characterisation.
In Section 3, we explore large-scale structures of nonstandard spaces. Khal-
fallah and Kosarew [21] introduced bornologies on nonstandard extensions ∗X
of bornological spaces X , called S-bornologies. S-bornology is a large-scale
counterpart of S-topology [23, 36, 40]. Generalising to prebornological spaces
and coarse spaces, we obtain the notions of S-prebornology and S-coarse struc-
ture. Firstly, we deal with S-prebornological structures. It is well-known that
the Stone–Čech compactification βX can be obtained as a quotient of the S-
topological space StX [23, 40]. It is natural to consider its large-scale analogue.
To do this, for each prebornological space X , we define a new prebornological
space ♭UltX , which consists of appropriate ultrafilters on X . We then show
that ♭UltX can be represented as a quotient of the S-prebornological space
SX . Secondly, we deal with S-coarse structures. The S-corona ∂SX of a coarse
space X is defined as a subspace of the S-coarse space ScX consisting of all
infinite points. We prove that the coarse structure of X can be recovered from
the induced prebornology of X and the coarse structure of ∂SX .
In Section 4, we are devoted to studying various size properties of subsets
of coarse spaces, which originally arose in the context of group theory [1, 2],
and were extended to general coarse spaces [24, 26]. In the first half of this
section, we provide some nonstandard characterisations of the size properties.
We then give nonstandard proofs for some (known) fundamental results, such
as lattice-theoretic criteria for extralargeness and smallness. The relationship
among thin coarse spaces, satellite coarse spaces and slowly oscillating maps
is also discussed. Interestingly, despite the large-scale nature of these results,
some of our proofs will be evident from the elementary knowledge of small-
scale topology. In the last half of this section, we concern with natural coarse
structures on powersets of coarse spaces. Given a metric space X , its powerset
P (X) has the Hausdorff metric dH , and thereby can be considered as a uniform
and coarse space. This construction can be generalised to arbitrary uniform and
coarse spaces, and leads to the notions of uniform hyperspaces [3] and coarse
hyperspaces [25, 9]. We prove some theorems on coarse hyperspaces, including
the characterisation of thinness in terms of hyperspaces.
1. Preliminaries
We refer to [16] for bornology, [34] for coarse topology (in terms of coarse
spaces), [24, 26] for coarse topology in terms of balleans, [5, 6, 32, 41] for non-
standard (small-scale) topology. We also refer to the surveys [29, 30, 44] for size
properties, coarse hyperspaces and their use in group theory.
1.1. Notation and terminology
1. Let X be a set, E ⊆ X × X and A ⊆ X . The E-closure of A is the set
defined by E [A] =
⋃
x∈AE [x], where E [x] = { y ∈ X | (x, y) ∈ E }. The
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E-interior of A is the set defined by intX,E A = { x ∈ X | E [x] ⊆ A }.
The E-closure and the E-interior are related with each other as follows:
E [A] = X \ intX,E−1 (X \A); intX,E A = X \ E−1 [X \A].
2. Let (X, TX) be a standard topological space. The monad of a point x ∈ X
is the set µX (x) =
⋂
{ ∗U | x ∈ U ∈ TX }. The elements of NS (X) =⋃
x∈X µX (x) are called nearstandard points. The non-nearstandard points
of ∗X are called remote points.
3. Let (X,UX) be a standard uniform space. We say that two points x, y ∈
∗X are infinitely close (write x ≈X y) if (x, y) ∈ ∗U holds for all U ∈
UX . The (uniform) monad of a point x ∈ ∗X is the set µuX (x) =⋂
U∈UX
∗U [x] = { y ∈ ∗X | x ≈X y }. For each (standard) x ∈ X , µuX (x) =
µX (x) holds. The elements of PNS (X) =
⋂
U∈UX
⋃
x∈X
∗U [x] are called
prenearstandard points.
4. A prebornology on a set X is a family BX of subsets of X satisfying the
following conditions: (i)
⋃
BX = X ; (ii) if A ⊆ B ∈ BX , then A ∈ BX ;
(iii) if A,B ∈ BX and A ∩ B 6= ∅, then A ∪ B ∈ BX . The prebornology
BX is called a bornology if A ∪ B ∈ BX holds for arbitrary A,B ∈ BX .
The point of this generalisation is that every coarse structure induces
a prebornology, that is not necessarily a bornology. Now, let (X,BX)
be a standard prebornological space. The galaxy of a point x ∈ X is
the set GX (x) =
⋃
{ ∗B | x ∈ B ∈ BX }. The elements of FIN (X) =⋃
x∈X GX (x) are called finite points. The non-finite points of
∗X are
called infinite points. The set of all infinite points of ∗X is denoted by
INF (X), i.e., INF (X) = ∗X \ FIN (X).
5. Let (X, CX) be a standard coarse space. We say that two points x, y ∈ ∗X
are finitely close (write x ∼X y) if (x, y) ∈ ∗E holds for some E ∈ CX .
The (coarse) galaxy of a point x ∈ ∗X is the set GcX (x) =
⋃
E∈CX
∗E [x] =
{ y ∈ ∗X | x ∼X y }. The coarse structure CX induces a prebornology
BX = {B ⊆ X | B ×B ∈ CX }. For each (standard) x ∈ X , GcX (x) =
GX (x) holds by [17, Proposition 3.12].
6. A map f : X → Y between prebornological spaces is said to be bornolog-
ical if f (B) ∈ BY for all B ∈ BX ; and f is proper if f−1 (B) ∈ BX
holds for all B ∈ BY . On the other hand, a map f : X → Y be-
tween coarse spaces is said to be bornologous (or uniformly bornological)
if (f × f) (E) = { (f (x) , f (y)) | (x, y) ∈ E } ∈ CY holds for all E ∈ CX .
Remark 1.1. A prebornological space is not a large-scale counterpart of a pre-
topological space, also known as a Čech closure space (see [42, Definition 14
A.1] for the definition). Comparing the local definition of prebornology [17,
Lemma 2.3] with that of pretopology [42, Theorem 14 B.10], the assumption
of emptiness, (BN1) and (BN3) correspond to (nbd1), (nbd2) and (nbd3), re-
spectively; (BN2) corresponds to the last statement of [42, Theorem 14 B.3];
however, there is no counterpart of (BN4). In fact, a prebornological space is a
large-scale counterpart of a topological space: (BN4) corresponds to (nbd4) of
the local definition of topology [42, Theorem 15 A.4]. Because of this, it might
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be better to rename ‘prebornology’ to something more appropriate. Some re-
searchers use the term ‘bounded structure’ instead (e.g. [10]).
1.2. Coarse galaxy and galactic core
Galaxy is a key concept in nonstandard large-scale topology, as we have
demonstrated in [17]. It can be considered as the nonstandard counterpart of
coarse closure. We here introduce the notion of galactic core as the nonstandard
counterpart of coarse interior.
Definition 1.2. Let X be a standard coarse space and A ⊆ ∗X . The (coarse)
galaxy of A is the set defined by
GcX (A) = { x ∈
∗X | x ∼X a for some a ∈ A }
=
⋃
a∈A
GcX (a)
=
⋃
E∈CX
∗E [A] .
The (coarse) galactic core of A is the set defined by
CcX (A) = { x ∈
∗X | x ∼X y for no y ∈ ∗X \A }
= { x ∈ ∗X | GcX (x) ⊆ A }
=
⋂
E∈CX
∗
(intX,E)A.
The galaxy map and the galactic core map behave like topological closure
and interior.
Theorem 1.3. Let X be a standard coarse space, A, B and Ai (i ∈ I) subsets
of ∗X.
1. GcX is a closure operator on P (
∗X):
(a) A ⊆ GcX (A);
(b) GcX (∅) = ∅;
(c) GcX (G
c
X (A)) = G
c
X (A);
(d) GcX
(⋃
i∈I Ai
)
=
⋃
i∈I G
c
X (Ai).
2. CcX is an interior operator on P (
∗X):
(a) CcX (A) ⊆ A;
(b) CcX (
∗X) = ∗X;
(c) CcX (C
c
X (A)) = C
c
X (A);
(d) CcX
(⋂
i∈I Ai
)
=
⋂
i∈I C
c
X (Ai).
3. ∗X \ CcX (A) = G
c
X (
∗X \A).
4. GcX (C
c
X (A)) = C
c
X (A).
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Proof. (1b) and (1d) are trivial. (1a) and (1c) immediately follow from the
reflexivity and the transitivity of ∼X , respectively. (3) and (4) follow from
the symmetricity and the transitivity of ∼X , respectively. Let us only prove
(4): let x ∈ GcX (C
c
X (A)). There exists a y ∈ C
c
X (A) such that x ∼X y. By
the transitivity of ∼X , we have that GcX (x) ⊆ G
c
X (y) ⊆
∗A, and therefore
x ∈ CcX (A). The reverse inclusion follows from (1a).
Corollary 1.4. Let X be a standard coarse space. There exists a (unique)
topology on ∗X such that the closure and the interior operators are given by GcX
and CcX . This topology is almost discrete (in the sense that every open set is
closed, and vice versa).
Remark 1.5. The finite part FIN (X) is equal to GcX (X) by definition. X can
be considered as a GcX -dense subset of FIN (X); and FIN (X) can be considered
as a GcX -closed subset of
∗X .
1.3. Asymorphisms and coarse equivalences
We provide nonstandard characterisations of asymorphisms and coarse equiv-
alences which will be used throughout.
Definition 1.6 (Standard). Let X and Y be coarse spaces. A map f : X → Y
is said to be
1. effectively proper if
(
f−1 × f−1
)
(E) = { (x, y) ∈ X ×X | (f (x) , f (y)) ∈ E } ∈
CX holds for any E ∈ CY ;
2. an asymorphism if it is a bornologous bijection with a bornologous inverse;
3. an asymorphic embedding if f is an asymorphism between X and im (f).
Theorem 1.7. Let X and Y be standard coarse spaces and let f : X → Y be a
map. The following are equivalent:
1. f is effectively proper;
2. for any x, y ∈ ∗X, ∗f (x) ∼Y ∗f (y) implies x ∼X y.
Proof. (1)⇒(2): Let E ∈ CY with (∗f (x) , ∗f (y)) ∈ ∗E. Then (x, y) ∈
∗((
f−1 × f−1
)
(E)
)
.
Since f is effectively proper,
(
f−1 × f−1
)
(E) ∈ CX . Hence x ∼X y.
(2)⇒(1): Let E ∈ CY . For any x, y ∈ ∗X with (∗f (x) , ∗f (y)) ∈ ∗E, we have
that ∗f (x) ∼Y ∗f (y), so x ∼X y by assumption. On the other hand, there exists
an F ∈ ∗CX such that ∼X ⊆ F by Lemma A.2 (to be proved in Appendix A).
Hence
∗((
f−1 × f−1
)
(E)
)
⊆ ∼X ⊆ F ∈
∗CX . Therefore
(
f−1 × f−1
)
(E) ∈ CX
by transfer.
Proposition 1.8 (Standard). Let X and Y be coarse spaces and let f : X → Y
be a bijection. The following are equivalent:
1. f has a bornologous inverse;
2. f is effectively proper.
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Proof. f−1 is bornologous ⇐⇒ x ∼Y y implies
∗
f−1 (x) ∼X
∗
f−1 (y) for all
x, y ∈ ∗Y (by [17, Theorem 3.23]) ⇐⇒ ∗f (x) ∼Y ∗f (y) implies x ∼X y for all
x, y ∈ ∗X (by bijectivity) ⇐⇒ f is effectively proper (by Theorem 1.7).
Corollary 1.9. Let f : X → Y be a standard asymorphism. Then ∗f ◦GcX =
GcY ◦
∗f and ∗f ◦CcX = C
c
Y ◦
∗f . In other words, ∗f : ∗X → ∗Y is a homeomor-
phism with respect to the topology defined in Corollary 1.4.
Proof. Immediate from the nonstandard characterisation of asymorphisms ([17,
Theorem 3.23] and Theorem 1.7).
Definition 1.10 (Standard). Let X and Y be coarse spaces. A map f : X → Y
is said to be
1. coarsely surjective if there exists an E ∈ CY such that E [f (X)] = Y ;
2. a coarse equivalence (a.k.a. bornotopy equivalence) if it is a bornologous
map with a bornotopy inverse (a bornologous map g : Y → X such that
g ◦ f and f ◦ g are bornotopic to idX and idY , respectively).
Theorem 1.11. Let X and Y be standard coarse spaces and let f : X → Y be
a map. The following are equivalent:
1. f is coarsely surjective;
2. GcY (
∗f (∗X)) = ∗Y .
Proof. Suppose f is coarsely surjective, i.e., there exists an E ∈ CY such that
E [f (X)] = Y . By transfer, ∗Y = ∗E [∗f (∗X)] ⊆ GcY (
∗f (∗X)) ⊆ ∗Y . Hence
GcY (
∗f (∗X)) = ∗Y .
Conversely, suppose GcY (
∗f (∗X)) = ∗Y . By Lemma A.2, there exists an
E ∈ ∗CY such that ∼Y ⊆ E. Then ∗Y = GcY (
∗f (∗X)) ⊆ E [∗f (∗X)] ⊆ ∗Y , so
E [∗f (∗X)] = ∗Y . By transfer, there exists an F ∈ CY such that F [f (X)] =
Y .
Proposition 1.12 (Standard). Let X and Y be coarse spaces and let f : X → Y
be a map. The following are equivalent:
1. f has a bornotopy inverse;
2. f is effectively proper and coarsely surjective.
Proof. Suppose f has a bornotopy inverse g : Y → X . For any y ∈ ∗Y , y ∼Y
∗f ◦ ∗g (y) ∈ ∗f (∗X), so y ∈ GcX (
∗f (∗X)). By Theorem 1.11, f is coarsely
surjective. For any x, y ∈ ∗X , if ∗f (x) ∼Y
∗f (y), then x ∼X ∗g ◦
∗f (x) ∼Y
∗g◦∗f (y) ∼Y y by [17, Theorem 3.23]. Hence f is effectively proper by Theorem
1.7.
Conversely, suppose f is effectively proper and coarsely surjective. Let E ∈
CX be such that E [f (X)] = Y . Choose a (non-unique) map g : Y → X such
that y ∈ E [f ◦ g (y)] for all y ∈ Y . Clearly f ◦ g is bornotopic to idY . For
any x ∈ ∗X , since ∗f ◦ ∗g ◦ ∗f (x) ∼Y ∗f (x), we have that ∗g ◦ ∗f (x) ∼X x by
Theorem 1.7. Hence g ◦f is bornotopic to idX . For any y, y′ ∈ ∗Y with y ∼Y y′,
since ∗f ◦ ∗g (y) ∼Y y ∼Y y′ ∼Y
∗f ◦ ∗g (y), it follows that ∗g (y) ∼X ∗g (y′) by
Theorem 1.7. Hence g is bornologous by [17, Theorem 3.23].
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2. Several classes of nonstandard points
Given a standard space X with small-scale and/or large-scale structures, we
have the following classes of nonstandard points:
CPT(X) =
⋃
K : compact
∗K,
NS (X) =
⋃
x∈X
µX (x) ,
PCPT(X) =
⋃
P : precompact
∗P,
PNS (X) =
⋂
U : entourage
⋃
x∈X
∗U [x] ,
FIN (X) =
⋃
B : bounded
∗B.
where CPT(X) andNS (X) are defined for standard topological spaces, PCPT(X)
and PNS (X) for standard uniform spaces, and FIN (X) for standard (pre)bornological
spaces. The first four classes have been extensively studied in the existing lit-
erature, while the last class has been studied only for special cases (such as
topological vector spaces [15]). The aim of this section is to clarify the rela-
tionship among those classes (together with X and ∗X). As we shall see, the
inclusion relations characterise various properties of spaces (see Figure 2.1 on
page 8).
First of all, we notice that some of the inclusions hold without any extra
condition.
Fact 2.1 (Corollary to [32, Theorem 4.1.13]). The inclusions X ⊆ CPT(X) ⊆
NS (X) hold for all standard topological spaces X.
Fact 2.2. The inclusion X ⊆ FIN (X) holds for all standard (pre)bornological
spaces X.
Fact 2.3 (Corollary to [41, Theorem 8.4.34]). The inclusions NS (X) ⊆ PNS (X)
and CPT(X) ⊆ PCPT(X) ⊆ PNS (X) hold for all standard uniform spaces X.
2.1. Hybrid spaces and compatibility conditions
It is often the case that a space is equipped with both small-scale and large-
scale structures. Typically, a metric space is equipped with small-scale struc-
tures (such as the metric topology and the metric uniformity) and large-scale
ones (such as the bounded bornology and the bounded coarse structure). Gen-
eralising this situation, we introduce the notion of hybrid spaces.
Definition 2.4 (Standard). A tb-space (topological-bornological space) is a
set equipped with topology and bornology. An ub-space (uniform-bornological
space) is a set equipped with uniformity and bornology. The notions of tc
(topological-coarse) and uc (uniform-coarse) are defined in a similar fashion.
We call those spaces hybrid spaces.
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X // CPT
no ∞ cpt. set
oo //
I
,,
NS
loc. cpt.
oo
II
 
FIN //
proper
QQ
❳
❘
▲
❊
❀
✶
✭
∗X
self-bdd
oo
cpt.
mm
(a) topological-bornological
CPT
++
// NS
loc. cpt.
oo
loc. precpt.
 
PCPT
vN-complete
QQ
//
u-I
,,
PNS
C-completion
is loc. cpt.
oo
C-complete
mm
weak u-II
 
FIN
preproper
QQ
// ∗X
self-bdd
oo
precpt.
ll
(b) uniform-bornological
Figure 2.1: Each arrow A
P
−→ B (except for FIN 99K CPT) indicates that the inclusion A ⊆ B
holds if and only if the space has property P . The broken line arrow FIN 99K CPT indicates
that the inclusion FIN ⊆ CPT is equivalent to properness under closure-stability.
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Having two structures at hand, it is natural to consider compatibility con-
ditions between them.
Definition 2.5 (Standard). Let X be a set, TX a topology, UX a uniformity,
and BX a bornology on X . We say that
1. TX and BX are I-compatible if every compact set is bounded;
2. TX and BX are II-compatible if each point has a bounded neighbourhood;
3. TX and BX are III-compatible if each bounded set has a bounded neigh-
bourhood;
4. TX and BX are closure-stable if the (topological) closure of every bounded
set is bounded;
5. UX and BX are u-I-compatible if every precompact set is bounded;
6. UX and BX are u-II-compatible if there is a U ∈ UX such that U [x] ∈ BX
for all x ∈ X ;
7. UX and BX are u-III-compatible if there is a U ∈ UX such that U [B] ∈ BX
for all B ∈ BX .
Remark 2.6. Bunke and Engel [4] use the following stronger compatibility con-
dition for a tb-space: TX and BX are called compatible if every bounded set
has a bounded neighbourhood and a bounded closure. In our terminology,
Bunke–Engel’s condition is the conjunction of III-compatibility and closure-
stability.
Example 2.7. Every metric space satisfies all of the compatibility conditions
including the weak u-II-compatibility (defined later).
Example 2.8. Let X be a topological space. Obviously the compact bornology
Pc (X) = {A ⊆ X | A is contained in some compact set }
is I-compatible with the topology of X .
Example 2.9. Let X be a uniform space. The precompact bornology
Ppc (X) = {A ⊆ X | A is precompact }
is u-I-compatible with the uniformity of X .
Proposition 2.10 (Standard). 1. III-compatibility implies II-compatibility.
2. u-III-compatibility implies u-II-compatibility.
3. u-I-compatibility implies I-compatibility (with respect to the induced topol-
ogy).
4. u-II-compatibility implies II-compatibility.
5. u-III-compatibility implies III-compatibility and closure-stability.
Proof. Trivial.
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Remark 2.11. There is an ub-space that is u-II-compatible but not closure-
stable. Consider the real line R with the usual uniformity. The family
FR = {A ⊆ R | A is contained in some measurable set with finite measure }
forms a bornology on R. Each point x ∈ R has a FR-bounded neighbourhood of
the form (x− 1, x+ 1), so FR is u-II-compatible with the uniformity. The set Q
of rational numbers has measure 0, so it is FR-bounded. However, the closure
clRQ = R is not FR-bounded. Hence FR is not closure-stable.
The implications II⇒I and u-II⇒u-I are non-trivial, and will be proved
by using the following nonstandard characterisations. They are of the form
CPT,NS,PCPT,PNS ⊆ FIN.
Fact 2.12 (Corollary to [17, Proposition 2.6]). A standard tb-space X is I-
compatible if and only if CPT(X) ⊆ FIN (X).
Fact 2.13 ([17, Theorem 2.37]). A standard tb-space X is II-compatible if and
only if NS (X) ⊆ FIN (X).
Corollary 2.14 (Standard). Every II-compatible tb-space is I-compatible.
Proof. Let X be a standard II-compatible tb-space. By Fact 2.1 and Fact 2.13,
we have CPT (X) ⊆ NS (X) ⊆ FIN (X). By Fact 2.12, X is I-compatible.
Remark 2.15. There is a tb-space that is I-compatible but not II-compatible.
Consider the Sorgenfrey line Rl, which is the real numbers R with the topology
TRl generated by the right half-open intervals [a, b). It is well-known that every
compact subset of Rl is countable (see [39, II.51.5]). Hence TRl is I-compatible
with the countable bornology Pℵ0 (R) = {A ⊆ R | A : countable }. On the other
hand, every non-empty open subset of Rl is uncountable, so there is no countable
neighbourhood. Hence TRl is not II-compatible with Pℵ0 (R).
Fact 2.16 (Corollary to [17, Proposition 2.6]). A standard ub-space X is u-I-
compatible if and only if PCPT(X) ⊆ FIN (X).
Proposition 2.17. If a standard ub-space X is u-II-compatible, then PNS (X) ⊆
FIN (X).
Proof. Suppose X is u-II-compatible. Fix a U ∈ UX with U [x] ∈ BX for all
B ∈ BX . Let y ∈ PNS (X). By definition, there exists a (standard) x ∈ X such
that y ∈ ∗U [x]. Since U [x] ∈ BX , it follows that y ∈
∗
U [x] ⊆ FIN (X).
Corollary 2.18 (Standard). Every u-II-compatible ub-space is u-I-compatible.
Proof. Let X be a standard u-II-compatible ub-space. By Fact 2.3 and Propo-
sition 2.17, we have PCPT(X) ⊆ PNS (X) ⊆ FIN (X). By Fact 2.16, X is
u-I-compatible.
In contrast to Fact 2.13, the converse of Proposition 2.17 is not true. In fact,
the inclusion PNS ⊆ FIN is equivalent to the following (slightly complicated)
standard property, that is intermediate between u-I and u-II.
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Definition 2.19 (Standard). We say that an ub-spaceX is weakly u-II-compatible
if X is a subspace of some Cauchy complete II-compatible ub-space X¯ .
Lemma 2.20. Let X be a standard uniform space and X¯ a standard Cauchy
completion of X. Then NS
(
X¯
)
∩ ∗X = PNS (X).
Proof. Let x ∈ NS
(
X¯
)
∩ ∗X . There exists a y ∈ X¯ such that x ≈X¯ y. Since X
is dense in X¯ , we can choose, for each U ∈ UX¯ , an xU ∈ X such that y ∈ U [xU ].
For each U ∈ UX¯ , since x ∈
∗U [y], we have that x ∈ ∗(U ◦ U) [xU ]. For each
V ∈ UX , find an U ∈ UX¯ so that U ◦ U ↾ X ⊆ V , then x ∈
∗V [xU ]. Therefore
x ∈ PNS (X).
Conversely, let x ∈ PNS (X). For each U ∈ UX , there exists a (standard)
xU ∈ X such that x ∈ ∗U [xU ]. Notice that the family { xU }U∈UX forms a net
in X with respect to the directed set (UX ,⊇). Moreover, { xU }U∈UX is Cauchy,
because xU ∗U x ∗V −1 xV holds for all U, V ∈ UX . Since X¯ is Cauchy complete,
{ xU }U∈UX converges to some y ∈ X¯. It is easy to verify that x ≈X¯ y. (For
each U ∈ UX¯ , find a V ∈ UX¯ such that xV ↾X ∈ U [y], then y
∗U xV ↾X
∗V x.)
Hence x ∈ NS
(
X¯
)
∩ ∗X .
Theorem 2.21. A standard ub-space X is weakly u-II-compatible if and only
if PNS (X) ⊆ FIN (X).
Proof. Suppose PNS (X) ⊆ FIN (X). Let X¯ be a standard Cauchy completion
of X . We introduce a bornology on X¯ as follows:
BX¯ = {A ⊆ X¯ | A ∩X ∈ BX } = {A ∪B | A ⊆ X¯ \X and B ∈ BX } .
Clearly the restriction BX¯ ↾ X coincides with BX , i.e., FIN (X) = FIN
(
X¯
)
∩∗X
(see also [17, Example 2.18]). We also observe that X¯\X ∈ BX¯ . Let x ∈ NS
(
X¯
)
.
If x /∈ ∗X , then x ∈
∗(
X¯ \X
)
by transfer, so x ∈ FIN
(
X¯
)
. If x ∈ ∗X , then
x ∈ PNS (X) by Lemma 2.20, so x ∈ FIN
(
X¯
)
. Hence NS
(
X¯
)
⊆ FIN
(
X¯
)
. By
Fact 2.13, X¯ is II-compatible.
Conversely, suppose X is weakly u-II-compatible, i.e., there exists a (stan-
dard) Cauchy complete II-compatible ub-extension X¯ of X . By Lemma 2.20
and Fact 2.13, PNS (X) = NS
(
X¯
)
∩ ∗X ⊆ FIN
(
X¯
)
∩ ∗X = FIN (X).
The following corollaries can be proved similarly to Corollary 2.14 and Corol-
lary 2.18.
Corollary 2.22 (Standard). 1. u-II-compatibility implies weak u-II-compatibility.
2. u-II-compatibility implies u-I-compatibility.
3. Weak u-II-compatibility implies II-compatibility.
We have shown the following implications among the compatibility condi-
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Some implications can be reversed under certain conditions, as we will see later
(Corollary 2.38).
u-III-compatibility has a similar nonstandard characterisation. To state the
characterisation, we introduce another class of nonstandard points, called nearfi-
nite points.
Definition 2.23. Let X be a standard ub-space. The elements of NF (X) =
µuX (FIN (X)) are called nearfinite points.
The inclusion FIN ⊆ NF is obvious. The reverse inclusion NF ⊆ FIN char-
acterises u-III-compatibility.
Theorem 2.24. A standard ub-space X is u-III-compatible if and only if NF (X) ⊆
FIN (X).
Proof. SupposeX is u-III-compatible. Let x ∈ NF (X), i.e., x ∈ µuX (y) holds for
some y ∈ FIN (X). Let B ∈ BX such that y ∈ ∗B. By the u-III-compatibility,
there exists a U ∈ UX such that U [B] ∈ BX . Hence x ∈ µuX (y) ⊆
∗U [y] ⊆
∗U [∗B] ⊆ FIN (X).
Conversely, suppose NF (X) ⊆ FIN (X). Let A ∈ BX . By Lemma A.2,
there exist a B ∈ ∗BX and a U ∈ ∗UX such that FIN (X) ⊆ B and U ⊆ ≈X .
Then U [∗A] ⊆ µuX (
∗A) ⊆ NF (X) ⊆ FIN (X) ⊆ B, so ∗A ∈ ∗BX . Hence
A ∈ BX by transfer.
Recall that I-, II-, u-I-, weak u-II-, and u-III-compatibility conditions are
characterised by the inclusions CPT,NS,PCPT,PNS,NF ⊆ FIN. (On the other
hand, III- and u-II-compatibility have not been characterised in terms of inclu-
sion. To do this, it is necessary to find appropriate properties of nonstandard
points like nearfiniteness.) Interestingly, CPT, NS, PCPT and PNS are purely
small-scale notions and FIN is a purely large-scale notion, while NF is a hybrid-
scale notion involving both uniformity and bornology. NF is an interesting class
of nonstandard points, but beyond the scope of this paper.
2.2. Characterisations of single-scale properties
We next consider single-scale properties characterised by the inclusion rela-
tions among classes of nonstandard points.
Fact 2.25 ([32, Theorem 2.11.2]). A standard set X is finite if and only if
∗X ⊆ X.
12
Fact 2.26. A standard topological space X has no infinite compact subset if and
only if CPT(X) ⊆ X.
Fact 2.27. A standard uniform space X has no infinite precompact subset if
and only if PCPT(X) ⊆ X.
Fact 2.28 (Corollary to [17, Proposition 2.6]). A standard bornological space
X has no infinite bounded subset if and only if FIN (X) ⊆ X.
Fact 2.25, Fact 2.26 and Fact 2.27 can be considered as special cases of Fact
2.28, where X is equipped with the maximal bornology [17, Example 2.13], the
compact bornology [17, Example 2.16], and the precompact bornology, respec-
tively. Similarly, the following two characterisations can be considered as special
cases of Fact 2.13.
Fact 2.29 ([23, Theorem 3.7.1]). A standard topological space X is locally com-
pact if and only if NS (X) ⊆ CPT (X).
Proof. The space X is equipped with the compact bornology. Then FIN (X) =
CPT(X). Obviously X is locally compact if and only if the topology and the
bornology of X are II-compatible. It is also equivalent to NS (X) ⊆ CPT(X)
by Fact 2.13. See also [17, Corollary 2.38].
Fact 2.30 ([41, Theorem 8.4.37]). A standard uniform space X is locally pre-
compact if and only if NS (X) ⊆ PCPT(X).
Proof. Similarly to Fact 2.29, X is locally precompact ⇐⇒ the (induced)
topology and the precompact bornology of X are II-compatible ⇐⇒ NS (X) ⊆
FIN (X) = PCPT(X) by Fact 2.13.
Definition 2.31 (Standard; [43, Definition IV]). A uniform space is said to be
von Neumann complete if every closed precompact subset is compact.
Theorem 2.32. A standard uniform space X is von Neumann complete if and
only if PCPT(X) ⊆ CPT(X).
Proof. Suppose X is von Neumann complete. Let P be a precompact subset of
X . The closure clX P is closed and precompact, so it is compact. Thus
PCPT(X) =
⋃
P : precompact
∗P ⊆
⋃
P : precompact
∗
(clX P ) ⊆
⋃
K : compact
∗K = CPT (X) .
Conversely, suppose PCPT(X) ⊆ CPT(X). Let P be a closed precompact
subset of X . Then ∗P ⊆ PCPT(X) ⊆ CPT(X). By [17, Proposition 2.6], there
exists a compact subset K of X such that P ⊆ K. Since P is a closed subset of
the compact set K, P is compact.
Fact 2.33 ([41, Theorem 8.4.37]). A standard uniform space X has a locally
compact Cauchy completion if and only if PNS (X) ⊆ PCPT(X).
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Fact 2.34 ([23, Theorem 3.14.1]). A standard uniform space X is Cauchy com-
plete if and only if PNS (X) ⊆ NS (X).
Fact 2.35 ([32, Theorem 4.1.13]). A standard topological space X is compact if
and only if ∗X ⊆ NS (X).
Fact 2.36 ([23, Theorem 3.13.1]). A standard uniform space X is precompact
if and only if ∗X ⊆ PNS (X).
Fact 2.34 to Fact 2.36 make easy to prove the following well-known theorem
in elementary topology. Since we will use a similar technique later (Corollary
2.43), we here review a nonstandard proof in [41, Theorem 8.4.35].
Corollary 2.37 (Standard). A uniform space is compact if and only if it is
Cauchy complete and precompact.
Proof. Let X be a standard uniform space. By Fact 2.3, NS (X) ⊆ PNS (X) ⊆
∗X . If X is compact, then ∗X ⊆ NS (X) by Fact 2.35, so NS (X) = PNS (X) =
∗X . The first equality implies the Cauchy completeness by Fact 2.34; and the
second one implies the precompactness by Fact 2.36.
Conversely, if X is Cauchy complete and precompact, then ∗X ⊆ PNS (X) ⊆
NS (X), so X is compact by Fact 2.35.
These characterisations have some consequences on the compatibility condi-
tions.
Corollary 2.38 (Standard). 1. Every locally compact I-compatible tb-space
is II-compatible.
2. Every u-I-compatible ub-space having a locally compact Cauchy completion
is weakly u-II-compatible.
3. Every locally precompact u-I-compatible ub-space is II-compatible.
4. Every von Neumann complete I-compatible ub-space is u-I-compatible.
5. Every Cauchy complete II-compatible ub-space is weakly u-II-compatible.
Proof. Let us only prove (1) and (2). The others can be proved in a similar way.
Let X be a standard locally compact I-compatible tb-space. By Fact 2.29
and Fact 2.12, NS (X) ⊆ CPT(X) ⊆ FIN (X). By Fact 2.13, X is II-compatible.
Let X be a standard u-I-compatible ub-space. Suppose X has a locally com-
pact Cauchy completion. By Fact 2.33 and Fact 2.16, PNS (X) ⊆ PCPT(X) ⊆
FIN (X). Hence X is weakly u-II-compatible by Theorem 2.21.
We have shown the following (reverse) implications among the compatibility
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2.3. Characterisations of properness and preproperness
We shall show that the inclusions FIN ⊆ NS and FIN ⊆ PNS characterise
properness and preproperness, respectively. These characterisations are known
for the case of metric spaces (see e.g. [5, Theorem 5.6 of Chapter 3], [41,
Proposition 10.1.25] and [6, Definition 6.6.4 and Answer to Exercise 6.6.1]). In
our general setting, the former characterisation requires the closure stability
condition.
Definition 2.39 (Standard). A tb-space is said to be proper if every bounded
closed set is compact.
Theorem 2.40. Let X be a standard closure-stable tb-space. The following are
equivalent:
1. X is proper;
2. FIN (X) ⊆ CPT(X);
3. FIN (X) ⊆ NS (X).
Proof. (1)⇒(2): FIN (X) =
⋃
B : bounded
∗B ⊆
⋃
B : bounded
∗
(clX (B)) ⊆
⋃
K : compact
∗K =
CPT(X).
(2)⇒(3): Trivial.
(3)⇒(1): Let B be a bounded closed set of X . By Fact 2.35, we only need
to show that NS (B) = ∗B. Let x ∈ ∗B. Since ∗B ⊆ FIN (X) ⊆ NS (X),
x ∈ NS (X). One can find a y ∈ X so that x ∈ µX (y), i.e., µX (y) ∩ ∗B is non-
empty. By the nonstandard characterisation of closedness [32, Theorem 4.1.5],
we have that y ∈ B. Therefore x ∈ NS (B).
Definition 2.41 (Standard). An ub-space is said to be preproper if every
bounded set is precompact.
Theorem 2.42. Let X be a standard ub-space. The following are equivalent:
1. X is preproper;
2. FIN (X) ⊆ PCPT(X);
3. FIN (X) ⊆ PNS (X).
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Proof. (1)⇒(2): FIN (X) =
⋃
B : bounded
∗B ⊆
⋃
P : precompact
∗P = PCPT(X).
(2)⇒(3): Trivial.
(3)⇒(1): Let B be a bounded set. Then ∗B ⊆ FIN (X) ⊆ PNS (X). By [41,
Theorem 8.4.34], B is precompact.
The results we have obtained so far are summarised in Figure 2.1 on page
8. Just by looking at the figure, we may produce various (complex) statements
on general topology. An example is as follows.
Corollary 2.43 (Standard). A closure-stable weakly u-II-compatible ub-space
(such as a metric space) is proper if and only if it is Cauchy complete and
preproper. Such spaces are locally compact.
Proof. Let X be a standard closure-stable u-II-compatible ub-space. By Fact
2.1, Fact 2.3 and Theorem 2.21, CPT(X) ⊆ NS (X) ⊆ PNS (X) ⊆ FIN (X).
If X is proper, then FIN (X) ⊆ CPT(X) by Theorem 2.40, so CPT(X) =
NS (X) = PNS (X) = FIN (X). The first equality implies the local compactness
by Fact 2.29; the second equality implies the Cauchy completeness by Fact 2.34;
and the third equality implies the preproperness by Theorem 2.42.
Conversely, ifX is Cauchy complete and preproper, thenNS (X) ⊇ PNS (X) ⊇
FIN (X) by Fact 2.34 and Theorem 2.42, so X is proper by Theorem 2.40.
3. Large-scale structures on nonstandard extensions
In Section 2, we studied the structure of a standard space X by using the
nonstandard extension ∗X as an auxiliary tool. In the present section, we
focus, in contrast, on the structure of the nonstandard space ∗X itself. For this
purpose, we introduce two large-scale structures on ∗X : S-prebornology and
S-coarse structure.
3.1. S-prebornologies
Proposition 3.1 (S-prebornology). Given a standard prebornological space
(X,BX), the family
SBX = {A ⊆ FIN (X) | A ⊆
∗B for some B ∈ BX }
is a prebornology on FIN (X).
Proof. SBX is generated by σBX = { ∗B | B ∈ BX }. It suffices to prove that
σBX covers FIN (X) and is closed under finite non-disjoint unions. The former
is trivial by the definition of FIN (X) =
⋃
B∈BX
∗B =
⋃ σBX . The latter follows
from the transfer principle.
Notation 3.2. We denote the prebornological space
(
FIN (X) , SBX
)
by SX .
Lemma 3.3. Let X be a standard prebornological space. For every subset B of
X, B ∈ BX if and only if
∗B ∈ SBX.
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Proof. The ‘only if’ part is trivial. Suppose ∗B ∈ SBX . There exists a B′ ∈ BX
such that ∗B ⊆ ∗B′. By transfer, B ⊆ B′, so B ∈ BX .
Proposition 3.4. A standard prebornological space X is connected if and only
if SX is connected.
Proof. Suppose X is connected. Let B = { x1, . . . , xn } be a finite subset of
FIN (X). For each i ≤ n, choose a (standard) Bi ∈ BX so that xi ∈ ∗Bi. Since
X is connected, B1 ∪ · · · ∪Bn ∈ BX holds. Hence B ∈ SBX .
Conversely, suppose SX is connected. Let B be a finite subset of X . Then
B is a finite subset of FIN (X), so B ∈ SBX . Since B = ∗B (by transfer), we
have that B ∈ BX by Lemma 3.3. Hence X is connected.
The S-prebornology construction can be extended to a functor from the
category of standard prebornological spaces to the category of (external) pre-
bornological spaces, where the morphisms are bornological maps.
Theorem 3.5. A map f : X → Y between standard prebornological spaces is
bornological if and only if ∗f : SX → SY is well-defined and bornological.
Proof. Suppose that f : X → Y is bornological. By the nonstandard character-
isation of bornologicity [17, Theorem 2.24], we have ∗f (FIN (X)) ⊆ FIN (Y ).
Therefore ∗f : SX → SY is well-defined. Let B ∈ SBX . Choose a B′ ∈ BX so
that B ⊆ ∗B′. Obviously, ∗f (B) ⊆ ∗f
(∗
B′
)
=
∗
(f (B′)). Since f is bornologi-
cal, f (B′) ∈ BY holds. Hence ∗f (B) ∈ SBY .
Conversely, suppose that ∗f : SX → SY is well-defined and bornological.
Let B ∈ BX . Then ∗B ∈ SBX , so
∗
(f (B)) = ∗f (∗B) ∈ SBY . Hence f (B) ∈ BY
by Lemma 3.3.
The inclusion map iX : X →֒ SX can be considered as a natural embedding.
Proposition 3.6. For each standard prebornological space X, the inclusion map
iX : X →֒ SX is bornological and proper.
Proof. Let A ∈ BX . Since iX (A) = A ⊆ ∗A ∈ SBX , we have that iX (A) ∈ SBX .
Next, let B ∈ SBX . Choose a C ∈ BX so that B ⊆ ∗C. Then, i−1X (B) ⊆
i−1X (
∗C) = C, where the latter equality follows from the transfer principle.
Hence i−1X (B) ∈ BX .
3.2. Prebornological ultrafilter spaces
We first recall the connection between S-topologies and ultrafilters.
Definition 3.7 ([23, 36, 40]). Let (X, TX) be a standard topological space. The
S-topology on ∗X is the topology STX generated by σTX = { ∗U | U ∈ TX }. We
denote the space ∗X together with STX by StX .
Remark 3.8. The Robinson’s S-topology appeared in [32] is different from the
above (Luxemburg’s) one. Let (X, dX) be a standard metric space. The Robin-
son’s S-topology on ∗X is generated by { ∗B (x; ε) | x ∈ ∗X and ε ∈ R+ }, while
the Luxemburg’s S-topology on ∗X is generated by { ∗B (x; ε) | x ∈ X and ε ∈ R+ }.
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The (Luxemburg’s) S-topology is non-trivial and highly complicated in gen-
eral. For instance, if X is completely regular Hausdorff, the T2-reflection of StX
coincides with the Stone–Čech compactification βX [36, Theorem 4.2]. More
precisely, the following connection holds (see also [23] and [40]).
Definition 3.9 (Standard; [35]). Let (X, TX) be a topological space. Let UltX
be the set of all ultrafilters on X . The sets of the form {F ∈ UltX | U ∈ F },
where U ∈ TX , generate a topology on UltX . The topological space UltX is
called the (topological) ultrafilter space of X .
Theorem 3.10. Let X be a standard topological space. For each x ∈ ∗X, let
Fx = {A ∈ P (X) | x ∈
∗A }. Then the map ΦX : x 7→ Fx is an open continuous
surjection from StX to UltX.
Proof. We first verify the well-definedness. Let x ∈ ∗X . If A,B ∈ Fx, then
x ∈ ∗A ∩ ∗B = ∗(A ∩B), so A ∩B ∈ Fx. If A ⊇ B ∈ Fx, then x ∈ ∗B ⊆ ∗A, so
A ∈ Fx. If A /∈ Fx, then x ∈
∗(X \A), so X \ A ∈ Fx. Clearly ∅ /∈ Fx. Hence
Fx is an ultrafilter over X .
Let A ⊆ X . Then
Φ−1X ({F ∈ UltX | A ∈ F }) = { x ∈
∗X | A ∈ Fx }
= { x ∈ ∗X | x ∈ ∗A }
= ∗A.
Conversely, we show that ΦX (∗A) = {F ∈ UltX | A ∈ F }. The inclusion ⊆ is
trivial. Let F ∈ UltX be such that A ∈ F . Since F has the finite intersection
property, the intersection
⋂
B∈F
∗B is non-empty by weak saturation. Fix an
x ∈
⋂
B∈F
∗B ⊆ ∗A. Then F ⊆ Fx, so F = Fx by the maximality of F . Hence
F ∈ ΦX (
∗A).
Since ΦX (∗U) = {F ∈ UltX | U ∈ F } and Φ−1X ({F ∈ UltX | U ∈ F }) =
∗U hold for all U ∈ TX , the map ΦX is open and continuous. This also implies
the surjectivity: ΦX (∗X) = {F ∈ UltX | X ∈ F } = UltX .
As a by-product, we obtain a nonstandard construction of the ultrafilter
space.
Corollary 3.11. UltX ∼= StX/ kerΦX .
Corollary 3.12 (Standard; [35, Theorem 1]). UltX is compact.
Proof. By weak saturation, StX is compact (see [36, Theorem 2.3]). Since UltX
is the image of StX by the continuous map ΦX , it is compact.
For instance, if X is a discrete space, then StX/ kerΦX ∼= UltX ∼= βX [23,
Theorem 2.5.5]. In fact, all Hausdorff compactifications can be obtained in a
similar way. See [37] for more details.
Next, we consider a large-scale analogue of this connection. We shall intro-
duce a natural prebornology on the set of ♭-ultrafilters.
18
Definition 3.13 (Standard). Let (X,BX) be a prebornological space. We call
a filter F on X a ♭-filter if F ∩ BX 6= ∅. Let ♭UltX be the set of all ♭-
ultrafilters on X . The sets of the form {F ∈ ♭UltX | B ∈ F }, where B ∈ BX ,
generate a prebornology on ♭UltX . We call the prebornological space ♭UltX
the prebornological ultrafilter space of X .
Remark 3.14. The sets of the form {F ∈ UltX | B ∈ F }, where B ∈ BX , cover
the set ♭UltX , while they do not cover UltX except for the case where X is
bounded in itself. Because of this, it is reasonable to restrict the underlying set
to ♭UltX .
Theorem 3.15. Let X be a standard prebornological space. For each x ∈
FIN (X), let Fx = {A ∈ P (X) | x ∈
∗A }. Then the map ΨX : x 7→ Fx is a
proper bornological surjection from SX to ♭UltX.
Proof. We first verify the well-definedness. Let x ∈ FIN (X). As already shown
in the proof of Theorem 3.10, Fx is an ultrafilter over X . Since x is finite, we
can find a B ∈ BX so that x ∈ ∗B. Then B ∈ Fx. Therefore Fx is a ♭-filter.
Similarly to the proof of Theorem 3.10, we can prove thatΨ−1X ({F ∈ ♭UltX | B ∈ F }) =
∗B and ΨX (∗B) = {F ∈ ♭UltX | B ∈ F } hold for all B ∈ BX , and therefore
ΨX is bornological, proper and surjective.
Corollary 3.16. ♭UltX ∼= SX/ kerΨX .
It is known that every topological space X is patch-densely embeddable
into UltX (through the map X →֒ StX ։ UltX) [35, Proposition 2]. Its
prebornological analogue can be stated as follows.
Definition 3.17 (Standard). A subset A of a prebornological space X is said
to be bornologically dense (abbreviated as B-dense) if A has a non-empty inter-
section with each connected component of X .
Theorem 3.18 (Standard). Every prebornological space X is B-densely embed-
dable into ♭UltX.
Proof. By Proposition 3.6 and Theorem 3.15, the inclusion map iX : X →֒ SX
and the map ΨX : SX ։ ♭UltX defined above are proper bornological, so is the
the composition jX = ΨX ◦ iX : X → ♭UltX . Notice that jX (x) is the principal
ultrafilter {A ∈ P (X) | x ∈ A } for each x ∈ X . Hence jX is injective.
Let F ∈ ♭UltX . Let B ∈ BX be such that B ∈ F , and pick x ∈ B. Then F
and jX (x) are included in the same bounded subset {G ∈ ♭UltX | B ∈ G } of
♭UltX . Hence the image of jX is B-dense in ♭UltX .
Finally, we discuss compatibility issues. Given a tb-space X , ♭UltX can be
regarded as a tb-space by considering the subspace topology in UltX . Similarly,
given a standard tb-spaceX , SX can be be regarded as a tb-space by considering
the subspace topology in StX .
Theorem 3.19. Let X be a standard tb-space. If X is III-compatible, then so
is SX.
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Proof. Let A ∈ SBX , i.e., there is a B ∈ BX such that A ⊆ ∗B. By the III-
compatibility, there exists an N ∈ BX ∩TX such that B ⊆ N . By transfer, A ⊆
∗B ⊆ ∗N and ∗N ∈
(
STX ↾ FIN (X)
)
∩ SBX . Hence X is III-compatible.
Lemma 3.20 (Standard). Let q : X → Y be an open proper bornological sur-
jection between tb-spaces. If X is III-compatible, then so is Y .
Proof (Standard). Let B ∈ BY . Since q is proper, q−1 (B) ∈ BX , so there is an
N ∈ TX ∩BX so that q−1 (B) ⊆ N . Since q is open, bornological and surjective,
B = q
(
q−1 (B)
)
⊆ q (N) ∈ TY ∩ BY .
Combining this lemma with Theorem 3.19 yields the following preservation
result.
Corollary 3.21 (Standard). Let X be a tb-space. If X is III-compatible, then
so is ♭UltX.
3.3. S-coarse structures
We next consider the coarse counterpart of S-prebornology.
Proposition 3.22 (S-coarse structure). Given a standard coarse space (X, CX),
the family
SCX = {E ⊆
∗X × ∗X | E ⊆ ∗F for some F ∈ CX }
is a coarse structure on ∗X.
Proof. SCX is generated by σCX = { ∗E | E ∈ CX }. It suffices to verify that
σCX contains the diagonal set ∆∗X of ∗X×∗X and is closed under finite unions,
compositions and inversions. However, it is immediate from the transfer princi-
ple.
Notation 3.23. We denote the coarse space
(
∗X, SCX
)
by ScX .
Lemma 3.24. Let X be a standard coarse space. For every subset E of X×X,
E ∈ CX if and only if
∗E ∈ SCX .
Proof. The “only if” part is trivial. Suppose ∗E ∈ SCX . There exists an F ∈ CX
such that ∗E ⊆ ∗F . By transfer, E ⊆ F , so E ∈ CX .
Proposition 3.25. Let CX be a coarse structure on a standard set X together
with the induced prebornology BX. The induced prebornology of
SCX ↾ FIN (X)
is precisely SBX .
Proof. Suppose that A ∈ SBX . There exists a B ∈ BX such that A ⊆ ∗B.
Since B ×B ∈ CX , ∗B × ∗B =
∗
(B ×B) ∈ SCX . Therefore ∗B is bounded with
respect to SCX ↾ FIN (X), and so is A.
Conversely, suppose that A is bounded with respect to SCX ↾ FIN (X), i.e.,
there exists a bounded set B with respect to SCX such that A = B ∩ FIN (X).
By the definition of the induced prebornology, B × B ∈ SCX holds. Take an
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E ∈ CX so that B × B ⊆ ∗E. If A is empty, then it is obviously bounded with
respect to SBX . If not, fix x0 ∈ A. Since x0 ∈ A ⊆ FIN (X), there exists an
x1 ∈ X such that x0 ∼X x1. Take an F ∈ CX so that (x1, x0) ∈ ∗F . Then
A ⊆ B ⊆ ∗E [x0] ⊆
∗
(E ◦ F ) [x1] ∈
∗BX by transfer, so A ∈ SBX .
For each map f : X → Y between standard coarse spaces, its nonstandard
extension ∗f : ∗X → ∗Y can naturally be considered as a map ScX → ScY .
This construction gives a functor from the category of standard coarse spaces to
the category of (external) coarse spaces. Moreover, this construction not only
preserves but also reflects various properties of the map f .
Theorem 3.26. Let f : X → Y be a map between standard coarse spaces.
1. f : X → Y is bornologous ⇐⇒ ∗f : ScX → ScY is bornologous;
2. f : X → Y is effectively proper ⇐⇒ ∗f : ScX → ScY is effectively proper;
3. f : X → Y is coarsely surjective ⇐⇒ ∗f : ScX → ScY is coarsely sur-
jective.
Proof. 1. Suppose f : X → Y is bornologous. Let E ∈ SCX . Choose an
F ∈ CX such that E ⊆ ∗F . Obviously, (∗f × ∗f) (E) =
∗(f × f) (E) ⊆
∗
(f × f) (∗F ) = ∗((f × f) (F )). Since f is supposed to be bornologous,
(f × f) (F ) ∈ CY holds. Hence (∗f × ∗f) (E) ∈ SCY . Conversely, suppose
∗f : ScX → ScY is bornologous. Let E ∈ CX . Then ∗E ∈ SCX , so
∗((f × f) (E)) = (∗f × ∗f) (∗E) ∈ SCY . By Lemma 3.24, we have that
(f × f) (E) ∈ CY .
2. Similar to (1).
3. Suppose f : X → Y is coarsely surjective, i.e., there is an E ∈ CY such
that E [f (X)] = Y . By transfer, ∗E [∗f (∗X)] = ∗Y and ∗E ∈ SCY .
Conversely, suppose ∗f : ScX → ScY is coarsely surjective, i.e., there is
an E ∈ SCY such that E [∗f (∗X)] = ∗Y . Let F ∈ CY be such that
E ⊆ ∗F . Then ∗F [∗f (∗X)] = ∗Y . By transfer, F [f (X)] = Y .
Similarly to Proposition 3.6, the inclusion map jX : X →֒ ScX can be con-
sidered as a natural embedding.
Proposition 3.27. For each standard coarse space X, the inclusion map jX : X →֒
ScX is an asymorphic embedding.
Proof. Let E ∈ CX . Since (jX × jX) (E) = E ⊆ ∗E ∈ SCX , we have that
(jX × jX) (E) ∈
SCX . Therefore jX is bornologous. Next, let F ∈ SCX . There
exists anG ∈ CX such that F ⊆ ∗G. Then,
(
j−1X × j
−1
X
)
(F ) ⊆
(
j−1X × j
−1
X
)
(∗G) =
G ∈ CX (by transfer). Hence
(
j−1X × j
−1
X
)
(F ) ∈ CX . Therefore jX is effectively
proper. By Proposition 1.8, jX is an asymorphic embedding.
3.4. S-coronae of coarse spaces
Giving a bornology on a standard set X is just the same thing as specifying
the infinite points INF (X) in ∗X in the following sense.
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Fact 3.28 ([17, Corollary 2.12]). Let X be a set. For each bornology on X, the
infinite part INF (X) is a monadic subset of ∗X disjoint with X. Conversely,
for each monadic subset I of ∗X, if I is disjoint with X, then there is a unique
bornology on X such that I = INF (X).
The set INF (X) is a tabula rasa, i.e., has no structure. On the other hand,
if X is a coarse space, INF (X) is equipped with an additional structure, the
subspace coarse structure induced from ScX . Inspired by Higson coronae in
coarse geometry [33, 34], we call this subspace the S-corona of X .
Definition 3.29. The S-corona ∂SX of a standard coarse space X is the sub-
space INF (X) of ScX .
We first consider two examples of S-coronae which have the same underlying
set but different coarse structures.
Example 3.30. Consider the real line R endowed with the usual bornology.
There are two distinct galactic equivalence relations on ∗R:
x ∼R y ⇐⇒ x− y ∈ FIN (R) ,
x ∼′
R
y ⇐⇒ x = y or x, y ∈ FIN (R)
that correspond to two different coarse structures CR and C′R on R (see [17,
Theorem 3.6]). We denote (R, CR) and (R, C′R) by R and R
′, respectively. (Recall
that galactic equivalence relations one-to-one correspond to coarse structures
.) Clearly the underlying sets of ∂SR and ∂SR′ are identical. The connected
components of ∂SR are of the form x + FIN (R), where x ∈ INF (R). On
the other hand, the connected components of ∂SR′ are singletons { x }, where
x ∈ INF (R). So ∂SR and ∂SR′ are different as coarse spaces. See also Corollary
4.16 and Theorem 4.22.
This example suggests that if X and Y are distinct coarse spaces with the
same underlying set, then ∂SX and ∂SY are different. This statement is true
as we shall now prove.
Theorem 3.31. Let X and Y be standard coarse spaces and let f : X → Y be
a proper bornological map. Then f : X → Y is bornologous (resp. effectively
proper) if and only if ∗f : ∂SX → ∂SY is bornologous (resp. effectively proper).
Proof. The well-definedness of ∗f : ∂SX → ∂SY follows from the nonstandard
characterisation of properness [17, Theorem 2.28]. Suppose f is bornologous
(resp. effectively proper). Then ∗f : ScX → ScY is bornologous (resp. effec-
tively proper) by Theorem 3.26. Hence ∗f : ∂SX → ∂SY is bornologous (resp.
effectively proper).
Suppose ∗f : ∂SX → ∂SY is bornologous. Let x, y ∈ ∗X and assume that
x ∼X y. Case I: x, y ∈ FIN (X). Pick a z ∈ X so that y ∼X x ∼X z. Since f
is bornological at z, we have that ∗f (x) ∼Y f (z) ∼Y ∗f (y) by [17, Theorem
2.24]. Case II: x, y ∈ INF (X). There is an E ∈ CX so that (x, y) ∈ ∗E. Since
∗E ↾ INF (X) ∈ SCX ↾ INF (X), we have (∗f × ∗f) (∗E ↾ INF (X)) ∈ SCY ↾
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INF (Y ). Let F ∈ CY be such that (∗f × ∗f) (∗E ↾ INF (X)) ⊆ ∗F ↾ INF (Y ).
Then (∗f (x) , ∗f (y)) ∈ ∗F , and therefore ∗f (x) ∼Y ∗f (y). The other cases are
impossible. By [17, Theorem 3.23], f is bornologous.
Suppose ∗f : ∂SX → ∂SY is effectively proper. Let x, y ∈ ∗X and assume
that ∗f (x) ∼Y
∗f (y). Case I: ∗f (x) , ∗f (y) ∈ FIN (Y ). Pick a z ∈ Y so
that ∗f (x) ∼Y z ∼Y ∗f (y). There exists a bounded subset B of Y such
that ∗f (x) , z, ∗f (y) ∈ ∗B, so x, y ∈ ∗f−1 (∗B). Since f is proper, f−1 (B) is
bounded in X . Hence x ∼X y. Case II: ∗f (x) , ∗f (y) ∈ INF (Y ). Let E ∈ CY
be such that (∗f (x) , ∗f (y)) ∈ ∗E. Since ∗E ↾ INF (Y ) ∈ SCY ↾ INF (Y ), we
have
(
∗f−1 × ∗f−1
)
(∗E ↾ INF (Y )) ∈ SCX ↾ INF (X), i.e., there is an F ∈ CX
such that
(
∗f−1 × ∗f−1
)
(∗E ↾ INF (Y )) ⊆ ∗F ↾ INF (X). Then (x, y) ∈ ∗F ,
and therefore x ∼X y. The other cases are impossible. Hence f is effectively
proper by Theorem 1.7.
Corollary 3.32. Let X and X ′ be standard coarse spaces. Then X = X ′ if
and only if BX = BX′ and ∂SX = ∂SX
′, where BX and BX′ are the induced
prebornologies of X and X ′, respectively.
Proof. Apply Theorem 3.31 to the identity map idX .
Corollary 3.33. Let X and X ′ be standard connected coarse spaces with the
same underlying set. Then X = X ′ if and only if ∂SX = ∂SX
′.
This means that a coarse structure is determined by the structure of “the
space at infinity”. This phenomenon is ubiquitous. For example, Dydak [10] in-
troduced the notion of simple ends and simple coarse structures for prebornolog-
ical spaces. A simple end in a prebornological space X is a proper map N→ X ,
or in other words, a divergent sequence in X . A simple coarse structure on X
is an equivalence relation SCSX on the set of all simple ends in X . Intuitively,
each simple end represents an ideal infinite point; and two simple ends represent
the same infinite point if and only if it is SCSX -equivalent. Each simple coarse
structure SCSX on X induces a coarse structure CS (SCSX) on X . Conversely,
each coarse structure CX on X induces a simple coarse structure SCS (CX) on
X . Those two constructions CS and SCS are inverses to each other for some
cases (but not in general). See [10] for more details. The notion of topological
ends goes back to Freudenthal [11]. It is one conception of “the space at infinity”
of a topological space. The nonstandard treatment of topological ends can be
found in Goldbring [12] and Insall et al. [19]. Some conceptions of “the space at
infinity” of a coarse space are studied in, e.g., Hartmann [14] and Grzegrzolka
and Siegert [13]. The following is an analogous result to [14, Lemma 36].
Theorem 3.34. Let f : X → Y be a proper map between standard coarse spaces,
where X is non-empty and Y is connected. If ∗f : ∂SX → ∂SY is coarsely
surjective, then f is coarsely surjective.
Proof. Fix an x0 ∈ X , then FIN (Y ) = GcY (f (x0)) ⊆ G
c
Y (
∗f (FIN (X))) by
[17, Corollary 3.13]. Take an E ∈ CY so that ∗E [∗f (INF (X))] ⊇ INF (Y ), then
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GcX (
∗f (INF (X))) ⊇ ∗E [∗f (INF (X))] ⊇ INF (Y ). Hence
∗Y = FIN (Y ) ∪ INF (Y )
⊆ GcX (
∗f (FIN (X))) ∪GcX (
∗f (INF (X)))
= GcX (
∗f (FIN (X)) ∪ ∗f (INF (X)))
= GcX (
∗f (FIN (X) ∪ INF (X)))
= GcX (
∗f (∗X)) .
By Theorem 1.11, f is coarsely surjective.
Theorem 3.35. Let f : X → Y be a proper bornological map between standard
coarse spaces. If f : X → Y is coarsely surjective, then ∗f : ∂SX → ∂SY is
coarsely surjective.
Proof. Let E ∈ CY be such that E [f (X)] = Y . By transfer, ∗E [∗f (∗X)] =
∗Y ⊇ INF (Y ). Let y ∈ INF (Y ). Take an x ∈ ∗X such that y ∈ ∗E [∗f (x)].
Since ∗f (x) ∼Y y ∈ INF (Y ), we have that ∗f (x) ∈ INF (Y ), so x ∈ INF (X) by
[17, Theorem 2.28]. Hence INF (Y ) ⊆ (∗E ↾ INF (Y )) [∗f (INF (X))], where ∗E ↾
INF (Y ) ∈ SCY ↾ INF (Y ). Therefore ∗f : ∂SX → ∂SY is coarsely surjective.
Corollary 3.36. Let f : X → Y be a coarse equivalence between standard coarse
spaces. Then ∗f : ∂SX → ∂SY is a coarse equivalence.
Proof. By Proposition 1.12, f is effectively proper, bornologous and coarsely
surjective. By Theorem 3.31 and Theorem 3.35, ∗f is effectively proper, bornol-
ogous and coarsely surjective. Again by Proposition 1.12, ∗f is a coarse equiv-
alence.
4. Size properties and coarse hyperspaces
Several concepts of combinatorial size for subsets of a group have been de-
veloped and well-studied (e.g. [1, 2, 8, 28]). For example, a subset L of a group
Γ is said to be left large (resp. right large) if K · L = Γ (resp. L ·K = Γ ) for
some finite subset K of Γ . Such properties can be extended to general coarse
spaces [24, 26]. In this section, we study size properties of subsets of coarse
spaces.
4.1. Size of subsets of coarse spaces
We first consider the following size properties.
Definition 4.1 (Standard; [24, 7]). Let X be a coarse space. A subset A of X
is said to be
1. large (a.k.a. coarsely dense) if E [A] = X for some E ∈ CX ;
2. slim if E [A] 6= X for all E ∈ CX ;
3. thick if intX,E A 6= ∅ for all E ∈ CX ;
4. meshy if intX,E A = ∅ for some E ∈ CX .
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Let L (X) and M (X) be the family of large and meshy subsets of X , respec-
tively.
Example 4.2. Let Γ be a group. Then the finite bornology Pf (Γ ) on Γ
induces two coarse structures CΓ,l and CΓ,r on Γ , the left coarse structure and
the right coarse structure, whose finite closeness relations are given by x ∼Γ,l
y ⇐⇒ x−1y ∈ Γ and x ∼Γ,r y ⇐⇒ xy−1 ∈ Γ for x, y ∈ ∗Γ , respectively (see
also [17, Example 3.18]). It is easy to see that a subset L of Γ is left large (resp.
right large) if and only if L is large with respect to CΓ,r (resp. CΓ,l). In other
words, left largeness is largeness with respect to the right coarse structure; and
right largeness is largeness with respect to the left coarse structure.
Theorem 4.3. Let X be a standard coarse space and A a subset of X.
1. A is large ⇐⇒ GcX (
∗A) = ∗X (⇐⇒ ∗A is GcX-dense);
2. A is slim ⇐⇒ GcX (
∗A) 6= ∗X (⇐⇒ ∗A is not GcX -dense);
3. A is thick ⇐⇒ CcX (
∗A) 6= ∅ (⇐⇒ ∗A has non-empty CcX -interior);
4. A is meshy ⇐⇒ CcX (
∗A) = ∅ (⇐⇒ ∗A has empty CcX-interior).
Proof. 1. Suppose A is large, i.e., there is an E ∈ CX so that E [A] = X .
By transfer, ∗X = ∗E [∗A] ⊆ GcX (
∗A) ⊆ ∗X . Hence GcX (
∗A) = ∗X .
Conversely, suppose GcX (
∗A) = ∗X . By Lemma A.2, there exists an
E ∈ ∗CX such that ∼X ⊆ E. Then ∗X = GcX (
∗A) ⊆ E [∗A] ⊆ ∗X , so
E [∗A] = ∗X . By transfer, there exists an F ∈ CX such that F [A] = X .
2. Immediate from (1).
3. Suppose A is thick, i.e., intX,E A 6= ∅ for all E ∈ CX . By transfer,
int∗X,E
∗A 6= ∅ for all E ∈ ∗CX . Choose an F ∈ ∗CX so that ∼X ⊆ F
by Lemma A.2. Then int∗X,F ∗A 6= ∅, i.e., F [x] ⊆ ∗A for some x ∈ ∗A.
Since ∼X ⊆ F , we have that GcX (x) ⊆ F [x] ⊆
∗A. Hence x ∈ CcX (
∗A) 6=
∅. Conversely, suppose CcX (
∗A) 6= ∅. Fix an x ∈ CcX (
∗A). Let E ∈ CX .
Then ∗E [x] ⊆ GcX (x) ⊆
∗A, so x ∈ int∗X,∗E ∗A 6= ∅. By transfer,
intX,E A 6= ∅.
4. Immediate from (3).
As Protasov and Zarichnyi [26, p. 172] pointed out, large and thick subsets
of a coarse space can be considered as large-scale counterparts of dense and open
subsets of a topological space, respectively. Indeed, many results on size prop-
erties can be proved analogically to their small-scale (topological) counterparts.
On the other hand, Theorem 4.3 indicates that large and thick subsets precisely
correspond to dense and “with non-empty interior” subsets, respectively. Hence,
using our nonstandard characterisations, we can deduce many large-scale results
from their small-scale counterparts not only analogically but also logically.
Corollary 4.4 (Standard). Let X be a coarse space and A ⊆ B ⊆ X. If A is
large in B and B is large in X, then A is large in X.
Proof. By Theorem 4.3, ∗B is a GcX -dense subset of
∗X , and ∗A is a GcB-dense
subset of ∗B, so ∗A is a GcX -dense subset of
∗X . (Note that GcB = G
c
X ∩
∗B
holds by [17, Example 3.19], i.e., ∗B is a topological subspace of ∗X .) Hence A
is large in X by Theorem 4.3.
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Corollary 4.5 (Standard; [26, Proposition 9.1.2]). Let X be a coarse space and
A a subset of X. The following are equivalent:
1. A is thick;
2. L ∩ A 6= ∅ for each large subset L of X.
Proof. Suppose A is thick. Let L be a large subset ofX . By Theorem 4.3, ∗A has
non-empty interior and ∗L is dense. It is evident that the intersection of a dense
subset and a set with non-empty interior is non-empty. Hence ∗L ∩ ∗A 6= ∅.
We have L ∩ A 6= ∅ by transfer.
Conversely, suppose A is not thick. Set L = X \A. Clearly L ∩ A = ∅. By
Theorem 4.3, ∗A has empty interior. It is also evident that the complement of a
subset with empty-interior is dense. Hence ∗L = ∗X \ ∗A is dense. By Theorem
4.3, L is large.
Corollary 4.6 (Standard). Let X be an unbounded connected coarse space.
Then BX ⊆M (X).
Proof. Let B ∈ BX . Since X is unbounded, X \ B is non-empty. Fix an
x0 ∈ X \ B. Let x ∈ ∗X . Case I: x ∈ FIN (X). By [17, Proposition 2.11],
x0 ∈ FIN (X) = GcX (x) but x0 /∈
∗B, so GcX (x) *
∗B. Case II: x ∈ INF (X).
By [17, Proposition 2.6], x ∈ GcX (x) but x /∈ FIN (X) ⊇
∗B, so GcX (x) *
∗B.
In both cases, we have that x /∈ CcX (
∗B). Hence CcX (
∗B) = ∅. By Theorem
4.3, B is meshy.
We next consider four more complicated size properties.
Definition 4.7 (Standard; [24, 7]). Let X be a coarse space. A subset A of X
is said to be
1. piecewise large if E [A] is thick for some E ∈ CX ;
2. small if X \ E [A] is large for all E ∈ CX ;
3. extralarge if intX,E A is large for all E ∈ CX ;
4. with slim interior if intX,E A is slim for some E ∈ CX .
Theorem 4.8. Let X be a standard coarse space and A a subset of X.
1. A is piecewise large ⇐⇒ CcX (
∗E [∗A]) 6= ∅ for some E ∈ CX ;
2. A is small ⇐⇒ CcX (
∗E [∗A]) = ∅ for all E ∈ CX ;
3. A is extralarge ⇐⇒ GcX
(
int∗X,∗E
∗A
)
= ∗X for all E ∈ CX ;
4. A is with slim interior ⇐⇒ GcX
(
int∗X,∗E
∗A
)
6= ∗X for some E ∈ CX .
Proof. Immediate from Theorem 4.3.
The definitions of piecewise large, small, extralarge, and with slim interior
subsets might look slightly complicated, as compared with those of large, slim,
thick and meshy subsets. However, there are simpler (lattice-theoretic) charac-
terisations of smallness and extralargeness. We provide a nonstandard proof of
the characterisation of extralargeness.
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Theorem 4.9 (Standard; [24, Theorem 11.1]). Let X be a standard coarse
space and A a subset of X. The following are equivalent:
1. A is extralarge;
2. L ∩ A is large for each large subset L of X.
Proof. Suppose A is extralarge. Let L be a large subset of X . There is an E ∈
CX so that E−1 [L] = X , i.e., L∩E [x] 6= ∅ for all x ∈ X . Since A is extralarge,
GcX
(
int∗X,∗E
∗A
)
= ∗X holds by Theorem 4.8. Let x ∈ ∗X . Then there exists
a y ∈ int∗X,∗E ∗A such that x ∼X y. By transfer, we have that ∗L∩ ∗E [y] 6= ∅.
Choose a z ∈ ∗L ∩ ∗E [y]. Then x ∼X y ∼X z ∈ ∗L ∩ ∗E [y] ⊆ ∗L ∩ ∗A. Hence
x ∈ GcX (
∗L ∩ ∗A). By Theorem 4.3, L ∩ A is large.
Suppose A is not extralarge, i.e., intX,E A is not large for some E ∈ CX .
Let L = intX,E A ∪
⋃
x∈X\intX,E A
(E [x] \A). For each ∗x ∈ ∗X \ int∗X,∗E ∗A,
since ∗E [x] \ ∗A is non-empty by transfer, it follows that x ∈ GcX (
∗L). Hence
GcX (
∗L) = ∗X . By Theorem 4.3, L is large. On the other hand, L∩A = intX,E A
is not large.
Corollary 4.10 (Standard; [24, Theorem 11.1]). Let X be a standard coarse
space and A a subset of X. The following are equivalent:
1. A is small;
2. L \A is large for each large subset L of X.
Proof (Standard). Apply Theorem 4.9 to the complement X \A.
Corollary 4.11 (Standard; [7, Proposition 2.11]). Let X be a coarse space and
A a subset of X. The following are equivalent:
1. A is small;
2. A ∪B is meshy for each meshy subset B of X.
Proof (Standard). A is small ⇐⇒ L \ A ∈ L (X) for all L ∈ L (X) ⇐⇒
(X \B) \ A = X \ (A ∪B) ∈ L (X) for all B ∈ M (X) ⇐⇒ A ∪ B ∈ M (X)
for all B ∈ M (X).
Protasov and Zarichnyi [26, p. 172] pointed out that small subsets of a coarse
space can be considered as the large-scale counterpart of nowhere dense subsets
of a topological space. In the light of the topology of ∗X defined by Corollary
1.4, small subsets do not precisely correspond to nowhere dense subsets: if ∗A
is nowhere dense, then ∗A ⊆ GcX (
∗A) = CcX (G
c
X (
∗A)) = ∅ by Theorem 1.3,
so ∗A must be empty; however, every unbounded connected coarse space has a
non-empty small subset.
Theorem 4.12 (Standard; [7, Theorem 2.14]). Let X be a non-empty connected
coarse space. The following are equivalent:
1. X is unbounded;
2. every finite subset of X is small.
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Proof. Suppose that (2) does not hold, i.e., there is a non-small (i.e. piece-
wise large) finite subset A of X . For some E ∈ CX , CcX (
∗E [∗A]) 6= ∅ holds
by Theorem 4.8. Note that E [A] is bounded. For any x ∈ CcX (
∗E [∗A]),
GcX (x) ⊆
∗E [∗A] holds. Since X is connected, FIN (X) ⊆ ∗E [∗A] by [17,
Proposition 2.11]. Then X ⊆ FIN (X) ⊆ ∗E [∗A], so X ⊆ E [A] by transfer.
(More rigorously, for each x ∈ X , apply the transfer principle to “x ∈ ∗E [∗A]”
to obtain “x ∈ E [A]”.) Hence X is bounded. Thus the implication (1) to (2) is
proved.
Suppose (1) does not hold. Since X is bounded, E = X × X ∈ CX . Fix
an x ∈ X . Obviously E [x] = X holds. By transfer, ∗E [x] = ∗X . Hence
CcX (
∗E [x]) = ∗X 6= ∅. By Theorem 4.8, { x } is not small. Thus the implication
(2) to (1) is proved.
With a similar argument, we can prove the following theorem.
Theorem 4.13 (Standard; [7, Theorem 4.16]). Let X be a coarse space. The
following are equivalent:
1. every connected component of X is bounded;
2. every non-empty subset of X is piecewise large.
Proof. For x ∈ X , letQx be the connected component of x, namely,
⋃
E∈CX
E [x].
Observe that ∗Qx =
⋃
E∈∗CX
E [x]; GcX (x) =
⋃
E∈CX
∗E [x]; Qx ⊆ GcX (x) ⊆
∗Qx (see also [17, Corollary 3.13]).
(1)⇒(2): let A be a non-empty subset of X . Fix x0 ∈ A. Since the con-
nected component Qx0 is bounded, there exists an E ∈ C0 such that Qx0 ⊆
E [x0]. By transfer, GcX (x0) ⊆
∗Qx0 ⊆
∗E [x0] ⊆
∗E [∗A], and therefore
x0 ∈ CcX (
∗E [∗A]) 6= ∅. By Theorem 4.8, A is piecewise large.
(2)⇒(1): Let x0 ∈ X . Since { x0 } is piecewise large, CcX (
∗E [x0]) 6= ∅ holds
for some E ∈ CX by Theorem 4.8. For x ∈ CcX (
∗E [x0]), GcX (x) ⊆
∗E [x0], so
x ∼X x0 and GcX (x) = G
c
X (x0). Then Qx0 ⊆ G
c
X (x0) ⊆
∗E [x0], so Qx0 ⊆
E [x0] by transfer, and therefore Qx0 is bounded. (More rigorously, for each
x ∈ Qx0, apply the transfer principle to “x ∈
∗E [x0]”.)
4.2. Thin subsets and slowly oscillating maps
We provide a nonstandard characterisation of thin coarse spaces, and ap-
ply it to proving some standard characterisations of thinness (in terms of slow
oscillation and meshiness).
Definition 4.14 (Standard; [27, 22]). A subset A of a coarse space X is said
to be thin (a.k.a. pseudodiscrete) if for every E ∈ CX there exists a bounded
subset B of X such that E [x] ∩E [y] = ∅ for all distinct x, y ∈ A \B.
Theorem 4.15. Let A be a subset of a standard connected coarse space X. The
following are equivalent:
1. A is thin;
2. x ∼X y implies x = y for all x, y ∈ ∗A ∩ INF (X);
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3. GcX (x) ∩G
c
X (y) = ∅ for all distinct x, y ∈
∗A ∩ INF (X).
Proof. Suppose A is thin. Let x, y ∈ ∗A ∩ INF (X) with x ∼X y. Choose
an E ∈ CX so that (x, y) ∈ ∗E and (y, y) ∈ ∗E. Since A is supposed to be
thin, we can find a bounded subset B of X such that E [u] ∩ E [v] = ∅ holds
for all distinct u, v ∈ A \ B. However, x, y ∈ ∗A \ FIN (X) ⊆ ∗A \ ∗B and
∗E [x] ∩ ∗E [y] ⊇ { y } 6= ∅. By transfer, x and y cannot be distinct, i.e., x = y.
Conversely, suppose A is not thin, i.e., there is an E ∈ CX such that for any
bounded subset B of X , E [x] ∩ E [y] 6= ∅ holds for some distinct x, y ∈ A \B.
By Lemma A.2, we can choose a B ∈ ∗BX so that FIN (X) ⊆ B. (Here we
used the connectedness of X .) By transfer, ∗E [x]∩ ∗E [y] 6= ∅ for some distinct
x, y ∈ ∗A \ B ⊆ ∗A ∩ INF (X). Pick a z ∈ ∗E [x] ∩ ∗E [y], then x ∼X z ∼X y.
Hence we have that x ∼X y but x 6= y.
Corollary 4.16. For every standard connected coarse space X, the following
are equivalent:
1. X is thin;
2. ∂SX is (bornologically) discrete;
3. INF (X) is (topologically) GcX-discrete.
This is the reason why ‘thin’ is also called ‘pseudodiscrete’.
Example 4.17. Consider the set X = {n2 | n ∈ N } endowed with the usual
metric dX (n,m) = |n−m|. For any distinct n2,m2 ∈ INF (X), since
∣∣n2 −m2∣∣ =
|n−m| |n+m| ≥ |n+m| = infinite, it follows that n2 ≁X m2. Hence X is
thin. On the other hand, the set Y = X ∪ (X + 1) together with the usual
metric is not thin: for any n2, n2 + 1 ∈ INF (Y ), their coarse galaxies are
GcY
(
n2
)
= GcY
(
n2 + 1
)
= {n2, n2 + 1 }.
Definition 4.18 (Standard; [26]). Let X be a set and I an ideal on (the pow-
erset algebra of) X . The ideal coarse structure of X with respect to I is the
coarse structure CI on X generated by the sets of the form ∆X ∪(A×A), where
A ∈ I. We denote the coarse space (X, CI) by XI .
Lemma 4.19 ([17, Remark 3.9]). Let X be a standard set and I an ideal on
X. For any x, y ∈ ∗X, x ∼XI y if and only if x = y or x, y ∈
⋃
A∈I
∗A.
Proof. Suppose x ∼XI y. For some A ∈ I, we have (x, y) ∈
∗(∆X ∪ (A×A)).
If (x, y) ∈ ∗∆X , then x = y. Otherwise, (x, y) ∈
∗
(A×A), so x, y ∈ ∗A ⊆⋃
A∈I
∗A.
Conversely, suppose x = y or x, y ∈
⋃
A∈I
∗A. If x, y ∈
⋃
A∈I
∗A, then
x ∈ ∗A and y ∈ ∗B for some A,B ∈ I, so (x, y) ∈ ∗((A ∪B)× (A ∪B)). Hence
(x, y) ∈ ∗(∆X ∪ (A×A)) for some A ∈ I, and therefore x ∼XI y.
Definition 4.20 (Standard; [9]). Let (X,BX) be a bornological space. The
bornology BX is an ideal on X . The ideal coarse structure CBX of X with
respect to BX is called the satellite coarse structure of X .
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Figure 4.1: Intuitive picture of the satellite coarse space
Lemma 4.21 ([17, Remark 3.9]). Let X be a standard bornological space. For
any x, y ∈ ∗X, x ∼XBX y if and only if x = y or x, y ∈ FIN (X).
Proof. This is a special case of Lemma 4.19.
Imagine that the finite part FIN (X) is a star and that the infinite points
∈ INF (X) are satellites around the star (Figure 4.1 on page 30). Each satellite
is of infinite distance away from the star and the other satellites.
Theorem 4.22 (Standard; [31, Theorem 1]). Let X be a connected coarse space.
The following are equivalent:
1. X is thin;
2. X = XBX .
Proof. By Theorem 4.15 and Lemma 4.21, X is thin if and only if for any
x, y ∈ ∗X we have that
x ∼X y ⇐⇒ x = y or x, y ∈ FIN (X)
⇐⇒ x ∼XBX y.
By [17, Proposition 3.4], it is also equivalent to “X = XBX ”.
Alternative proof. It can also be proved by looking at S-coronae. The S-corona
∂SXBX is a discrete coarse space whose underlying set is the same as that of ∂SX
by Lemma 4.21. We then obtain the following equalities: X is thin ⇐⇒ the S-
corona ∂SX is a discrete coarse space (by Corollary 4.16) ⇐⇒ ∂SX = ∂SXBX
⇐⇒ X = XBX (by Corollary 3.33).
Suppose X is non-thin. There are infinite points whose galaxies are of car-
dinality ≥ 2 by Theorem 4.15. As we will see below, the galaxy of some infinite
point can be divided into two (non-empty) parts by a standard set. This fact
is intuitively understandable (see Figure 4.2 on page 31), but the proof is not
obvious and depends on the axiom of choice.
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Figure 4.2: Non-satellite coarse space
Lemma 4.23. Let X be a standard coarse space. If |GcX (x0)| ≥ 2 for some
x0 ∈ INF (X), then there exists a subset A of X such that GcX (x)∩
∗A 6= ∅ and
GcX (x) \
∗A 6= ∅ for some x ∈ INF (X).
Proof. Fix an E ∈ CX with |∗E [x0]| ≥ 2 and ∆X ⊆ E. Using Zorn’s lemma,
take a maximal subset Y of X such that {E [y] | y ∈ Y } is disjoint. Notice
that for each x ∈ X there exists a y ∈ Y such that E [x] ∩ E [y] 6= ∅ by the
maximality. Set Y0 = { y ∈ Y | |E [y]| ≥ 2 }.
Case I: ∗Y0 ∩ INF (X) 6= ∅. Pick an x ∈ ∗Y0 ∩ INF (X). By the axiom of
choice, we may choose a subset A of X such that |E [y] ∩ A| = 1 for all y ∈ Y0.
Then |∗E [x] ∩ ∗A| = 1 and |∗E [x] \ ∗A| ≥ 1 by transfer. Hence GcX (x)∩
∗A 6= ∅
and GcX (x) \
∗A 6= ∅.
Case II: ∗Y0 ∩ INF (X) = ∅. Then x0 /∈ ∗Y . (Otherwise, we have that
x0 ∈
∗Y0 by transfer, a contradiction.) Define A =
⋃
y∈∗Y
∗E [y]. By transfer,
∗E [x0]∩
∗E [y] 6= ∅ for some y ∈ ∗Y , i.e., ∗E [x0]∩ ∗A 6= ∅, so GcX (x0)∩
∗A 6=
∅. Suppose, on the contrary, that ∗E [x0] \ ∗A = ∅. Choose a y ∈ ∗Y so
that x0 ∈ ∗E [y]. Since y ∼X x0 ∈ INF (X), it follows that y /∈ ∗Y0, so
∗E [y] = { y } = { x0 } by transfer. This contradicts with x0 /∈ ∗Y . Hence
∗E [x0] \
∗A 6= ∅, and therefore GcX (x0) \
∗A 6= ∅.
Using this lemma, we can easily prove the following two (standard) charac-
terisations of thinness.
Theorem 4.24 (Standard; [31, Theorem 4]). Let X be a connected coarse space.
The following are equivalent:
1. X is thin;
2. every map f : X → Y , where Y is a uniform space, is slowly oscillating;
3. every function f : X → { 0, 1 } is slowly oscillating, where { 0, 1 } is thought
of as a discrete uniform space.
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Proof. (1)⇒(2): According to the nonstandard characterisation of slow oscilla-
tion [17, Theorem 3.30], it suffices to show that x ∼X y implies ∗f (x) ≈Y ∗f (y)
for all x, y ∈ INF (X). Let x, y ∈ INF (X) and suppose x ∼X y. By Theorem
4.15 x = y, so ∗f (x) ≈Y ∗f (y).
(2)⇒(3): Trivial.
(3)⇒(1): Suppose X is not thin. By Theorem 4.15, |GcX (x0)| ≥ 2 for some
x0 ∈ INF (X). By Lemma 4.23, there exists a subset A of X such that both
GcX (x) ∩
∗A and GcX (x) \
∗A are non-empty for some x ∈ INF (X). Define a
function f : X → { 0, 1 } by f ↾ A ≡ 0 and f ↾ (X \A) ≡ 1. Pick ξ ∈ GcX (x)∩
∗A
and η ∈ GcX (x) \
∗A. Then ξ, η ∈ INF (X), ξ ∼X η, but ∗f (ξ) = 0 6≈{ 0,1 } 1 =
∗f (η) by transfer. By [17, Theorem 3.30], f is not slowly oscillating.
Theorem 4.25 (Standard; [9, Theorem 2.2]). Let X be a connected coarse
space. The following are equivalent:
1. X is thin;
2. M (X) ⊆ BX .
Proof. Suppose X is thin. Let A be an unbounded subset of X . Fix an x0 ∈
INF (X)∩∗A by [17, Proposition 2.6]. By Theorem 4.15, GcX (x0) = { x0 } ⊆
∗A,
so x0 ∈ CcX (
∗A) 6= ∅. By Theorem 4.3, A is not meshy. Hence M (X) ⊆ BX .
Conversely, suppose X is not thin. By Theorem 4.15 and Lemma 4.23, there
exists an A ⊆ X such that GcX (x) ∩
∗A 6= ∅ and GcX (x) \
∗A 6= ∅ for some
x ∈ INF (X). By [17, Proposition 2.6], X = A ∪ (X \A) is unbounded (and
connected), so either A or X \ A is unbounded. We may assume without loss
of generality that A is unbounded. Fix an x0 ∈ X and define A′ = A \ { x0 }.
Clearly A′ is unbounded too. Let x ∈ ∗X . If x ∈ FIN (X), then x ∼X x0 /∈
∗
A′
by [17, Corollary 3.13], so GcX (x) *
∗
A′. If x ∈ INF (X), then GcX (x) *
∗A, so
GcX (x) *
∗
A′. Hence CcX
(∗
A′
)
= ∅. By Theorem 4.3, A′ ∈M (X) \ BX .
Our nonstandard proofs are much simpler (and also intuitive) than the orig-
inal standard proofs in [31, 9].
Example 4.26. Consider the thin coarse space X = {n2 | n ∈ N }. Let A
be any unbounded subset of X . Pick an infinite point n2 ∈ ∗A ∩ INF (X),
then GcX
(
n2
)
= {n2 } ⊆ ∗A, so n2 ∈ CcX (A) 6= ∅. Hence A is not meshy.
Next, consider the non-thin coarse space Y = X ∪ (X + 1). Define a function
f : Y → { 0, 1 } by f ↾ X ≡ 0 and f ↾ (Y \X) ≡ 1, then ∗f
(
n2
)
= 0 and
∗f
(
n2 + 1
)
= 1 for any n2, n2 + 1 ∈ INF (Y ), so f is not slowly oscillating.
In this case, X is an unbounded meshy subset of Y , and divides the galaxy
GcY
(
n2
)
= GcY
(
n2 + 1
)
into two parts in the sense of Lemma 4.23.
4.3. Coarse hyperspaces
In the rest of this section, we study natural coarse structures on powersets
of coarse spaces, called coarse hyperspaces.
LetX be a metric space. The powerset P (X) is endowed with a (generalised)
metric dH : X ×X → R≥0 ∪ {+∞}, called the Hausdorff metric, defined by
dH (A,B) = inf { ε ∈ R≥0 | A ⊆ Bε and B ⊆ Aε } ,
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where Aε and Bε are the ε-neighbourhoods of A and B, respectively. The
metric space (P (X) , dH) is called the metric hyperspace. Obviously P (X) is
equipped with both a uniformity and a coarse structure. This construction can
be generalised to (non-metrisable) uniform spaces and coarse spaces.
Definition 4.27 (Standard; [3]). Let X be a set and E ⊆ X ×X . The expo-
nentiation expE of E is defined as
expE = { (A,B) ∈ P (X)× P (X) | A ⊆ E [B] and B ⊆ E [A] } .
The following are evident.
Fact 4.28 (Standard; [3, Chapter II, p. 34]). If UX is a uniformity on a set
X, the family { expE | E ∈ UX } generates a uniformity expUX on P (X).
Fact 4.29 (Standard; [44, Proposition 2.1]). If CX is a coarse structure on a set
X, the family { expE | E ∈ CX } generates a coarse structure exp CX on P (X).
Definition 4.30 (Standard; [9, 44]). Let (X, CX) be a coarse space andA (X) ⊆
P (X). The coarse space (A (X) , exp CX ↾ A (X)) is called the A-coarse hyper-
space, and is denoted by A- expX . In particular, P- expX = (P (X) , exp CX)
is called the coarse hyperspace, and is denoted by expX .
First of all, we shall look at the properties of the finite closeness relation
∼expX of expX .
Lemma 4.31. Let X be a standard coarse space. For any A,B ∈ ∗(P (X)),
A ∼expX B if and only if A ⊆ GcX (B) and B ⊆ G
c
X (A).
Proof. Suppose A ∼expX B. For some E ∈ CX , we have that A ⊆ ∗E [B] and
B ⊆ ∗E [A]. So A ⊆ ∗E [B] ⊆ GcX (B) and B ⊆
∗E [A] ⊆ GcX (A).
Conversely, suppose A ⊆ GcX (B) and B ⊆ G
c
X (A). Then A ⊆ E [B] and
B ⊆ E [A] hold for all E ⊇ ∼X . In other words, the internal subset
E = {E ∈ ∗CX | A ⊆ E [B] and B ⊆ E [A] }
of ∗CX contains all (sufficiently small) illimited elements of ∗CX with respect
to ⊆. By Lemma A.5, E has a limited element E, which is bounded by some
(standard) F ∈ CX , i.e., E ⊆ ∗F . Hence (A,B) ∈ ∗expE ⊆
∗
(expF ), and
therefore A ∼expX B.
Proposition 4.32 (Standard; [44, Fact 2.3]). Let X be a coarse space. The
map ιX : X → expX defined by ιX (x) = { x } is an asymorphic embedding.
Proof. Obviously ι is injective. Let x, y ∈ ∗X . Then x ∼X y ⇐⇒ { x } ⊆
GcX ({ y }) and { y } ⊆ G
c
X ({ x }) ⇐⇒ ιX (x) ∼expX ιX (y). By [17, Theorem
3.23] and Theorem 1.7, ι is effectively proper and bornologous. By Proposition
1.8, ι is an asymorphic embedding.
Proposition 4.33 (Standard; Proof of [9, Theorem 2.2]). Let X be an un-
bounded coarse space. The map cX : X → expX defined by cX (x) = X \ { x }
is a bornologous injection.
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Proof. The injectivity is trivial. Let x, y ∈ ∗X and suppose x ∼X y and x 6=
y. Then x ∈ GcX (y) ⊆ G
c
X (
∗cX (x)) and y ∈ GcX (x) ⊆ G
c
X (
∗cX (y)), so
GcX (
∗cX (x)) = G
c
X (
∗cX (y)) =
∗X . Hence ∗cX (x) ∼expX ∗cX (y). By [17,
Theorem 3.23], cX is bornologous.
Proposition 4.34 (Standard). Let (X,UX , CX) be an uc-space. If UX and CX
are compatible (i.e. UX ∩ CX 6= ∅), then expUX and exp CX are compatible.
Proof. We denote the uc-hyperspace (P (X) , expUX , expCX) by expX . Recall
Lemma 4.31:
A ∼expX B ⇐⇒ A ⊆ G
c
X (B) and B ⊆ G
c
X (A) .
Similarly, it is easy to verify the following equality:
A ≈expX B ⇐⇒ A ⊆ µ
u
X (B) and B ⊆ µ
u
X (A) .
Since UX and CX are compatible, µuX (x) ⊆ G
c
X (x) holds for all x ∈
∗X by [17,
Theorem 3.30]. Hence A ≈expX B implies A ∼exp B for all A,B ∈
∗(P (X)).
By [17, Theorem 3.30], expUX and expCX are compatible.
4.4. ♭-coarse hyperspaces
Isbell [20, p. 35] conjectured that if U1 and U2 are distinct (compatible)
uniformities on a topological space X , then expU1 and expU2 induce different
topologies on H (X) = {A ⊆ X | A : non-empty closed }. Smith [38] gave a
counterexample and some positive results to this conjecture. On the other
hand, the large-scale analogue of this conjecture is false in any case.
Definition 4.35 (Standard; [25, 44]). Let X be a coarse space. We denote the
family of non-empty bounded subsets of X by ♭ (X), i.e., ♭ (X) = BX \ {∅ }.
Lemma 4.36. Let X be a standard coarse space. For any A ∈ ∗(P (X)) and
B ∈ ♭ (X), the following are equivalent:
1. A ∼expX ∗B;
2. ∀a ∈ A∃b ∈ B (a ∈ GX (b)) and ∀b ∈ B∃a ∈ A (a ∈ GX (b)).
Proof. Suppose A ∼expX ∗B. Let a ∈ A. Since A ⊆ GcX (
∗B), we can find a
b ∈ ∗B so that a ∼X b. Since B is non-empty and bounded, b ∼X ◦b holds
for some ◦b ∈ B by [17, Proposition 2.6]. Hence a ∈ GX (◦b) for some ◦b ∈ B.
Next, let b ∈ B. Since ∗B ⊆ GcX (A), we can find an a ∈ A so that b ∼X a.
Then a ∈ GX (b).
Suppose (2) holds. By the first half of (2), we have that A ⊆
⋃
b∈B GX (b) =
GcX (B) ⊆ G
c
X (
∗B). Let b ∈ ∗B. Since B is non-empty and bounded, pick
a ◦b ∈ B, then b ∼X ◦b by [17, Proposition 2.6]. By the last half of (2), we
can find an a ∈ A so that a ∼X ◦b. Hence b ∈ GcX (a) ⊆ G
c
X (A). Therefore
A ∼expX
∗B.
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Theorem 4.37 (Standard). If C1 and C2 are (compatible) coarse structures on
a prebornological space X, then exp C1 and expC2 induce the same prebornology
on ♭ (X).
Proof. According to Lemma 4.36, the galaxy map G♭(X) of ♭ (X) is determined
by the galaxy map GX of X . Hence the induced prebornology of ♭ (X) is
determined by the induced prebornology of X [17, Propositions 2.6 and 3.12].
As a result, it makes sense to consider the ♭-prebornological hyperspace
♭- exp (X) from a given prebornological space X (rather than a coarse space)
by noting that each prebornological space admits a compatible coarse structure
such as the satellite coarse structure. If X is a (connected) bornological space,
then so is ♭- expX .
Proposition 4.38 (Standard). For every connected coarse space X, the ♭-
coarse hyperspace ♭- expX is connected.
Proof. Let A,B ∈ ♭ (X). Since X is connected, GcX (
∗A) = GcX (
∗B) = FIN (X)
by [17, Propositions 2.11 and 3.10]. Hence ∗A ∼♭- expX
∗B. By [17, Corollary
3.13], ♭- expX is connected.
Example 4.39. Recall the coarse spaces R and R′ in Example 3.30. Since R
and R′ have the same bornology, the ♭-coarse hyperspaces ♭- expR and ♭- expR′
have the same underlying set. By Lemma 4.36, we have that
FIN (♭- expR) = FIN (♭- expR′) =
{
B ⊆ ∗(♭ (R))
∣∣∣
⋃
B ⊆ FIN (R)
}
.
Hence ♭- expR and ♭- expR′ have the same bornology.
4.5. Coarse hyperspaces and size properties
Finally, we discuss the relationship between the size properties of coarse
spaces X and their coarse hyperspaces A- expX .
Proposition 4.40 (Standard; [44, Remark 2.6]). For every coarse space X,
the L-coarse hyperspace L- expX is connected, where L (X) is the family of all
large subsets of X.
Proof. Let A and B be large subsets of X . By Theorem 4.3, GcX (
∗A) =
GcX (
∗B) = ∗X , so ∗A ⊆ GcX (
∗B) and ∗B ⊆ GcX (
∗A), i.e., A ∼expX B. By [17,
Corollary 3.13], L- expX is connected.
Theorem 4.41 (Standard; [44, Proposition 2.7]). For every non-empty con-
nected coarse space X, the following are equivalent:
1. X is unbounded;
2. L- expX is unbounded.
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Proof. Suppose X is unbounded. Fix an x0 ∈ X . By Theorem 4.12, the single-
ton { x0 } is small in X , i.e., X \ E [x0] ∈ L (X) holds for all E ∈ CX . Hence
∗X \ E [x0] ∈
∗(L (X)) holds for all E ∈ ∗CX by transfer. Now we can choose
an F ∈ ∗CX so that ∼X ⊆ F by Lemma A.2. Since GcX (x0) ⊆ F [x0], we have
by Theorem 1.3 that
GcX (
∗X \ F [x0]) =
∗X \ CcX (F [x0])
⊆ ∗X \ CcX (G
c
X (x0))
= ∗X \GcX (x0)
6= ∗X.
Hence ∗X \ F [x0] ≁L- expX ∗X . Therefore ∗X \ F [x0] ∈ INF (X). By [17,
Proposition 2.6], L- expX is unbounded.
Conversely, suppose X is bounded. Then GcX (A) =
∗X for all non-empty
A ⊆ ∗X by [17, Proposition 3.10]. Hence A ∼L- expX B holds for all A,B ∈
∗
(L (X)) by Lemma 4.31. (Note that every large subset of X is non-empty, since
X is non-empty.) By [17, Proposition 3.10], L- expX is bounded.
Theorem 4.42 (Standard; [9, Theorem 2.2]). For every unbounded connected
coarse space X, the following are equivalent:
1. X is thin;
2. M′- expX is connected, where M′ (X) is the family of all non-empty
meshy subsets of X, i.e., M′ (X) =M (X) \ {∅ };
3. the map cX : X → expX defined by cX (x) = X \ { x } is an asymorphic
embedding.
Proof. (1)⇒(2): This part is purely standard. By Theorem 4.25, M (X) ⊆
BX , so M′ (X) ⊆ ♭ (X). Since ♭- expX is connected by Proposition 4.38, the
subspace M′- expX is connected too.
(2)⇒(1): Let A ∈ M′ (X). Fix an x0 ∈ X . Since { x0 } ∈ ♭ (X), we
have { x0 } ∈ M′ (X) by Corollary 4.6. M′- expX is connected, so ∗A ∼expX
{ x0 } by [17, Corollary 3.13], i.e., ∗A ⊆ GcX (x0) (and x0 ∈ G
c
X (
∗A)). By [17,
Proposition 2.6], A ∈ ♭ (X). Hence M (X) ⊆ BX .
(1)⇒(3): According to Proposition 4.33, it suffices to show that cX is ef-
fectively proper. Let x, y ∈ ∗X and suppose x ≁X y. Either x ∈ INF (X) or
y ∈ INF (X) holds by [17, Corollary 3.13]. We may assume without loss of gen-
erality that x ∈ INF (X). By Theorem 4.15, x /∈ GcX (z) for any z ∈
∗X\{ x }, so
x ∈ ∗cX (y) * GcX (
∗cX (x)), and therefore ∗cX (x) ≁expX ∗cX (y). By Theorem
1.7, cX is effectively proper.
(3)⇒(1): Suppose X is not thin. Fix an x ∈ FIN (X). By Theorem 4.15,
there exists a y ∈ INF (X) such that |GcX (y)| ≥ 2. It is easy to see that
GcX (
∗cX (x)) =
∗X and GcX (
∗cX (y)) =
∗X , so ∗cX (x) ∼expX ∗cX (y). How-
ever, since x ∈ FIN (X) and y ∈ INF (X), we have x ≁X y. By Theorem 1.7,
cX is not effectively proper.
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Appendix A. Overspill and underspill principles for directed sets
Definition A.1. Let ∆ be a standard directed set. An element δ ∈ ∗∆ is said
to be limited if δ is bounded by some element of ∆ (i.e. δ ≤ γ for some γ ∈ ∆);
and δ is illimited if δ bounds ∆ (i.e. γ ≤ δ for all γ ∈ ∆).
Note that limitedness and illimitedness are not the negations of each other.
If ∆ is not linearly ordered, ∗∆ may have elements which are neither limited
nor illimited. If ∆ is self-bounded, ∗∆ has elements which are both limited and
illimited.
Lemma A.2. Let ∆ be a standard directed set. Then ∗∆ has an illimited
element.
Proof. Since ∆ is directed, for each finite subset A of ∆, there exists a δ ∈ ∆
such that γ ≤ δ for all γ ∈ A. By weak saturation, there exists a δ ∈ ∗∆ such
that γ ≤ δ for all γ ∈ ∆.
Example A.3. 1. The illimited elements of ∗(R,≤) are precisely the posi-
tive infinite hyperreals.
2. The illimited elements of ∗(R+,≥) are precisely the positive infinitesimal
hyperreals.
3. Let (X,BX) be a standard prebornological space and x ∈ X . The family
BNX (x) = {B ∈ BX | x ∈ B } is directed with respect to ⊆. The illimited
elements of ∗BNX (x) are precisely the elements of ∗BX containing the
galaxy GX (x). See also [17, Lemma 2.5].
4. Let (X, CX) be a standard coarse space. CX is directed with respect to ⊆.
The illimited elements of ∗CX are precisely the elements of ∗CX containing
the finite closeness relation ∼X . See also [17, Lemma 3.3].
Lemma A.4 (Overspill Principle). Let ∆ be a standard directed set and A an
internal subset of ∗∆.
1. If A contains all sufficiently large limited elements of ∗∆, then it also
contains all sufficiently small illimited elements of ∗∆.
2. If A contains arbitrarily large limited elements of ∗∆, then it also contains
arbitrarily small illimited elements of ∗∆.
Proof. 1. For L ∈ ∆ set AL := {U ∈ ∗∆ | L ≤ U ∧ [L,U ] ⊆ A }. By assump-
tion, the family {AL | L ∈ ∆ } has the finite intersection property. Hence
we can pick an element U ∈
⋂
L∈∆AL by saturation. Every illimited
element of ∗∆ below U belongs to A.
2. Let U ∈ ∗∆ be illimited. For L ∈ ∆ set BL := [L,U ]∩A. By assumption,
the family {BL | L ∈ ∆ } has the finite intersection property. Hence we
can pick an element δ ∈
⋂
L∈∆BL by saturation. δ is an illimited element
of ∗∆ below U and belongs to A.
Lemma A.5 (Underspill Principle). Let ∆ be a standard directed set and A
an internal subset of ∗∆.
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1. If A contains all sufficiently small illimited elements of ∗∆, then it also
contains all sufficiently large limited elements of ∗∆.
2. If A contains arbitrarily small illimited elements of ∗∆, then it also con-
tains arbitrarily large limited elements of ∗∆.
Proof. Apply the contraposition of Lemma A.4 to the complement ∗∆ \A.
Remark A.6. The overspill principle can be generalised to boldface monadic
subsets, while the underspill principle can be generalised to boldface galactic
subsets (see e.g. [18]). A set M is said to be boldface monadic if there is
a family M = {Mi | i ∈ S } of internal sets, where S is standard, such that
M =
⋂
M; and a set G is said to be boldface galactic if there is a family
G = {Gi | i ∈ S } of internal sets, where S is standard, such that G =
⋃
G.
Here G and H themselves are not necessarily internal. These boldface prop-
erties are different from the lightface properties considered in [17, Definition
2.7 and Remark 3.7]: M is said to be lightface monadic if there is a family
M = {Mi | i ∈ S } of standard sets such that M =
⋂
i∈S
∗Mi; and G is said to
be lightface galactic if there is a family G = {Gi | i ∈ S } of standard sets such
that G =
⋃
i∈S
∗Gi.
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